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Abstract
Size effect and anisotropy on the strength of shale under compressive stress
conditions
Yun Zhao
The underground coal mines in the Appalachian region report the highest rate of roof falls in
the United States. The immediate roof of these mines is mostly composed of shale. The in-situ
strength of shale is necessary for designing roof support to prevent roof falls. Estimating the insitu strength of shale requires the knowledge of both size effect and anisotropy. This research used
literature review, theoretical analysis, numerical modeling, and laboratory experiment to
systematically investigate the size effect and anisotropy of shale strength under compressive
strength conditions.
Literature review involved a comprehensive summary of previous research on the size effect
and anisotropy of rock strength. This research collected experimental data on the size effect of
rock strength to form a database. Most data showed that rock strength decreased with the increase
in rock size and followed the decreasing trend. Similarly, the strength of transversely isotropic
rocks varied with the rock orientation and matched the “U-shaped” curve. Further, cracks and
bedding planes inside the rock caused size effect and anisotropy. As shale and other transversely
isotropic rocks contain crack and bedding planes, the strength of these rocks should exhibit the
decreasing trend and the “U-shaped” curve.
Theoretical analysis involved the derivation of the size-dependent and anisotropic MohrCoulomb failure criterion that can describe the strength behavior of shale. The analysis assumed
that cracks and bedding planes cause size effect and anisotropy. Therefore, the simplified structure
of shale consisted of shale matrix, cracks, and bedding planes. Based on the Griffith theory and
the single plane of weakness theory, this analysis then derived the size-dependent and anisotropic
Mohr-Coulomb failure criterion. This failure criterion captured the decreasing trend and the “Ushaped” curve. Finally, the experimental database validated the failure criterion.
Numerical analysis involved the development of the size-dependent and anisotropic bondedparticle model that can replicate the strength behavior of shale. The bonded-particle model of shale
consisted of shale matrix, cracks, and bedding planes. The model used bonded particles, discrete
fractures, and smooth joints to model these three components in the particle flow code 2D (PFC2D).
The model introduced the three components and calibrated them progressively. The strength of
shale model presented the decreasing trend and the “U-shaped” curve. The strength fitted well with
the proposed failure criterion.
Laboratory experiment contained the uniaxial, biaxial, and triaxial compression tests on shale
specimens of different sizes using an in-house polyaxial compression test setup. The setup
included a uniaxial compression test machine, biaxial platens, and a confining device. This
research prepared shale specimens at sizes of 25.4, 50.8, and 76.2 mm and orientations of 0, 45,

and 90°. The test results showed that the strength of shale specimens presented the decreasing
trend at different specimen orientations and stress conditions. However, the “U-shaped” curve of
strength anisotropy changed in the biaxial and triaxial stress conditions. The second principal stress
and the foliation angle influenced the failure modes, which affected the variation of strength
anisotropy.
This research concluded that the strength of shale presents the decreasing tread and the “Ushaped” curve. The size-dependent and anisotropic Mohr-Coulomb failure criterion can predict
the in-situ strength of shale considering it size effect and anisotropy. The proposed bonded-particle
model can model the strength behavior of shale. Moreover, the second principal stress and the
foliation angle have a notice effect on the strength anisotropy of shale. Their effect needs further
investigation in three-dimensional space.
The outcome of this research is useful for estimating the in-situ strength of shale and other
transversely isotropic rocks. The outcome is valuable in the design of excavation layout and roof
support for preventing roof failure in the Appalachian region.
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1 Introduction
1.1

Background
According to the Annual Coal Report (U.S. Energy Information Administration, 2021), the

underground coal mines in the United States produced about 198 million short tons of coal in 2020.
These underground coal mines were mainly from three regions: the Appalachian region, the
Interior region, and the Western region, as shown in Figure 1.1 (a). The Appalachian region
supplied about 57.6% of the underground coal production and contained about 83.7% of the
number of underground coal mines. The Appalachian region has dominated the underground coal
production for a long time. Figure 1.1 (b) and (c) plot the percentage of underground coal
production and the percentage of underground coal mines by regions from 2010 to 2020. The
Appalachian region supplied more than half of the underground coal and contained around 80%
of the underground coal mines in the past ten years.

Figure 1.1 (a) Underground coal production regions in the United States (b) Percentage of underground
coal production by regions (c) Percentage of the underground mines by regions
(Data source: U.S. Energy Information Administration)
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However, the underground coal mines in the Appalachian region have suffered from the
highest risk of roof falls in the US (Bajpayee et al., 2014). Table 1.1 lists all roof fall fatalities in
underground coal mines reported by MSHA from 2010 to 2022. These roof fall fatalities occurred
in Kentucky, West Virginia, Tennessee, Utah, and Pennsylvania. It is important to note that the
immediate roof of these mines consists primarily of shale. Researchers have long acknowledged
that roof falls in the Appalachian region are mainly due to the presence of shale (Murphy, 2016).
Table 1.1 MSHA reported roof fall fatalities in underground coal mines (Data Source: Mine Safety and
Health Administration Website)
Date

Mine Information

Immediate Roof Condition

April 28, 2010

Dotiki Mine, Kentucky

Shale

October 11, 2010

Kingston No 1, West Virginia

Sandy shale

August 15, 2011

Mountaineer II Mine, West Virginia

Shale

September 26, 2012

Double Mountain Mine, Tennessee

Shale

March 13, 2013

Peerless Rachel Mine, West Virginia

Shale

March 22, 2013

Castle Valley Mine #4, Utah

Shale

November 10, 2014

Crawdad No 1 Mine, West Virginia

Shale and sandstone

February 20, 2015

Heilwood, Pennsylvania

Shale

February 23, 2017

Mine No. 5, West Virginia

Shale

October 27, 2020

Williamstown Mine #1, Pennsylvania

Layered rock

May 14, 2021

Kocjancic, Pennsylvania

Shale and clay

March 20, 2022

Harlan, Kentucky

TBD

Why is shale a major problem in causing the roof falls in the Appalachian region? Firstly,
shale is transversely isotropic due to the presence of bedding planes. It is relatively strong
perpendicular to bedding planes; however, it is very weak when parallel to bedding planes
(Molinda and Mark 1996). Secondly, shale is common in the immediate roof of underground coal
mines in the Appalachian region (Ruppert et al., 1999). Finally, the local topography influences
the in-situ stress in the Appalachian region. The major horizontal stress is typically three times
greater than the vertical stress (Mark et al., 1998). Therefore, the high horizontal stress near the
roof-rib intersection usually causes shale to fracture into laminas along the bedding planes, also
known as “cutter roof”. The fracture grows through the upper strata and forms a vertical fracture
zone. When the fracture zone is beyond the bolt, the fracture propagates horizontally and across
the entry, resulting in the fall of the entire roof. Figure 1.2 depicts the roof fall sequence initiated
by the fracture of shale (Esterhuizen and Bajpayee 2012; Molinda and Mark 2010). Based on the
2

above discussion, a short answer to the problem is that the strength of shale is lower than the insitu stress, causing roof falls in the Appalachian region.

Figure 1.2 Delamination of shale in coal mine roof (Esterhuizen and Bajpayee 2012; Molinda and Mark
2010)

To prevent roof fall, it is imperative to know the in-situ strength of shale in the roof when
designing an excavation layout and roof support. However, measuring the strength of rock in the
field is very difficult due to the high cost of in-situ testing and the capability of test machines.
Instead, the in-situ strength of rock is estimated based on the laboratory test result of rock specimen
at standard size (50 mm). Figure 1.3 (a) presents the typical variation of rock strength relative to
rock size (𝐷). The strength decreases as 𝐷 increases and the decrease rate diminishes when 𝐷
reaches to the representative elementary volume (REV). This variation of strength with 𝐷 is
referred to as the decreasing trend. In addition, since shale is transversely isotropic, the anisotropy
of shale strength is another important factor that needs consideration. Figure 1.3 (b) shows the
typical variation of the strength of transversely isotropic rock relative to the bedding plane angle
𝛽 (also referred to as the orientation angle). The strength is maximum when 𝛽 is close to 0 and
90°, and the strength is minimum when 𝛽 is around 60°. This variation of strength with 𝛽 is
referred to as the “U-shaped” curve. However, the knowledge on the combination of anisotropy
and size effect on rock strength is not clear. This knowledge is necessary for estimating the in-situ
strength of shale, which will help in preventing roof falls in the Appalachian region.
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Figure 1.3 (a) Variation of rock strength relative to the rock size 𝐷 (b) Variation of transversely isotropic
rock strength relative to the bedding plane angle 𝛽

1.2

Problem statement and objective
Researchers have dealt with the size effect and anisotropy of rock strength since the early

stages of rock mechanics. Numerous studies have investigated anisotropy and size effect separately.
Researchers have widely accepted that rock strength presents the decreasing trend, and the strength
of transversely isotropic rocks exhibits the “U-shaped” curve. However, the knowledge on the
combination of size effect and anisotropy on rock strength is unclear. There is limited investigation
of rock strength considering the combined effect of size and anisotropy.
Firstly, there is very limited laboratory experiment reporting the size effect and anisotropy of
rock strength at the same time. Laboratory experiment is the most direct method to obtain the
strength characteristics of rock. To study the size effect and anisotropy, the laboratory experiment
needs to test rock specimens with different 𝛽 and 𝐷 at different stress conditions. Therefore, one
of the difficulties in conducting this experiment is that determining the strength characteristics
requires a great number of specimens. In addition, the test machine needs modification for testing
specimens of different 𝐷. In summary, the laboratory experimentation requires a large testing
program which may not be economical.
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Secondly, there are limited numerical models that can replicate the size-dependent and
anisotropic behavior of rock strength. Numerical simulation approach is another useful tool to
investigate the strength characteristics of rock. It can easily overcome the difficulty of laboratory
experiment since numerical models are reproducible to different 𝛽 and 𝐷 and the numerical test
procedure is adjustable for different stress conditions. However, the challenge of numerical
analysis is in creating a model that captures the size-dependent and anisotropic behavior of rock
strength. To this end, one needs to find the factors that cause size effect and anisotropy, introduce
these factors into the numerical model, and calibrate the numerical model based on the rock
strength behavior.
Finally, there is no theoretical failure criterion that considers size effect and anisotropy. The
failure criterion should be able to predict rock strength at different 𝐷 and 𝛽 at different stress
conditions. Furthermore, it needs to explain the cause of size effect and anisotropy. To get such a
failure criterion, one needs to perform the theoretical analysis of rock strength characteristics, find
the causes of size effect and anisotropy, and derive a mathematical equation that correlates with
existing experimental data.
The objective of this research is to investigate the size effect and anisotropy of shale strength
and solve the problems described previously. The outcome of this research is useful for estimating
the in-situ strength of shale and other transversely isotropic rocks. The outcome is valuable in the
design of excavation layout and roof support for preventing roof failure in the Appalachian region.

1.3

Research methodology
This research plans to achieve its objective through literature review, laboratory experiment,

numerical modeling, and theoretical analysis. Particularly, these methods and their objectives are
explained as follows.
(1) Review existing literature about the topic of size effect and anisotropy, determine the
possible cause of size effect and anisotropy, collect experimental data about the size effect
of rock strength and create a database.
(2) Propose a size-dependent and anisotropic failure criterion for describing the strength
behavior and verify the failure criterion based on the experimental and numerical data.
5

(3) Develop a numerical model that can capture size effect and anisotropy, calibrate the
numerical model according to real shale, and use the numerical model to study the size
effect and anisotropy of shale strength.
(4) Design an economical laboratory experiment for testing shale of different size, conduct
the laboratory experiment for obtaining the strength characteristics of shale, and analyze
the size effect and anisotropy of shale strength.

1.4

Dissertation outline
Chapter 2 includes a thorough review of the literature about the anisotropy and size effect of

rock strength. It firstly reviewed research about the size effect of rock strength. It then reviewed
research about the anisotropy of rock strength. Lastly, this chapter reviewed several studies that
consider both the size effect and anisotropy of rock strength. Based on the literature, this review
found that most studies followed the decreasing trend and the “U-shaped” curve, and that most
studies assumed that the cracks and bedding planes inside rock cause the size effect and anisotropy
respectively. These findings served as the basic assumptions in Chapter 3 and Chapter 4. In
addition, this chapter collected experimental data from the literature and created a database.
Chapter 3 then used this database to test the proposed failure criterion.
Chapter 3 contains the theoretical analysis of the anisotropy and size effect of shale strength.
It involved the derivation and verification of the size-dependent and anisotropic Mohr-Coulomb
failure criterion. The assumption was that the bedding planes and cracks inside rock cause the
anisotropy and size effect respectively. The derivation was based on the Griffith theory and the
plane of weakness theory. The proposed failure criterion presented the decreasing trend and the
“U-shaped” curve. Next, this chapter verified the failure criterion using the database from Chapter
2.
Chapter 4 contains the numerical modeling of the anisotropy and size effect of shale strength.
It involved the establishment and application of a bonded-particle model of shale. It accepted the
assumption that the bedding planes and cracks inside shale cause the anisotropy and size effect
respectively. The shale model consisted of three components: shale matrix, bedding planes, and
cracks. The strength of shale model showed the decreasing trend and the “U-shaped” curve. By
applying the developed model, this chapter investigated the size effect and anisotropy of shale. It
6

used the compressive strength of the numerical models to verify the proposed failure criterion from
Chapter 3.
Chapter 5 contains the laboratory experiment for studying the anisotropy and size effect of
shale strength. It designed a polyaxial compression test setup for testing different-sized shale in
uniaxial, biaxial, and triaxial compression. It conducted these tests on shale at the 𝐷 of 25.4, 50.8,
and 76.2 mm and the 𝛽 of 0, 45, and 90°. It analyzed the strength and failure mode of shale
considering size effect and anisotropy. In addition, it investigated the influence of 𝜎2 and 𝜔 on the
anisotropy and size effect of shale strength.

Chapter 6 summarizes the important results and conclusions of this research. It also gives an
outline of possible improvements for future studies.
Appendix A compiles the experimental data of the uniaxial compressive strength from the
literature in Chapter 2. Appendix B compiles the experimental data of the triaxial compressive
strength from the literature in Chapter 2. Appendix C lists the numerical modeling data of the
compressive strength in Chapter 4. Appendix D documents the laboratory experimental data in
Chapter 5.
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2 Literature Review
2.1

Introduction
This research addresses two topics in rock mechanics: size effect and anisotropy. The first

discussion of size effect was from Leonardo Da Vinci in the 16th century (Da Vinci, 2012). Da
Vinci speculated that cord strength decreases with the increase of cord length. More than one
hundred years later, Galileo Galilei (1638) argued that cord strength is independent of cord length.
Scholars of the time widely accepted Galileo’s statement; thus, the classical mechanics of material
did not consider size effect for nearly three hundred years. Since the early 20th century,
experimental results have proved that size effect exists in various materials such as concrete, ice,
coal, and rock (Bažant, 1999). At present, it is essential to take the size effect of rock strength into
account in rock engineering.
Unlike size effect, anisotropy is easily identifiable by visual inspection of some sedimentary
and metamorphic rocks as they have bedding, foliation, or schistosity features, which are called
bedding planes. Specifically, shale is transversely isotropic with physical properties that are
symmetric about the axis that is normal to the bedding planes. The research on the anisotropy of
rock strength began in the 1960s (Ismael et al., 2017). Since then, numerous experiments have
reported the anisotropic behavior of shale strength and other transversely isotropic rocks.
Although extensive research has studied these two topics separately, there is limited research
on rock strength considering size effect and anisotropy at the same time. This chapter provides a
comprehensive review of the research concerning these two topics.

2.2

Size effect of rock strength

2.2.1 Experimental results of size effect
Studies have reported the size effect on rock strength in the point load test, Brazilian test,
uniaxial compression test, and triaxial compression test (Li, 2019). The uniaxial and triaxial
compression tests create homogeneous states of compressive stress, while the point load and
Brazilian test lead to inhomogeneous states of tensile stress (John, Cook, and Zimmerman 2009).
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Because this research focuses on the size effect in compressive stress conditions, this section
summarizes past experimental results of the uniaxial and triaxial compression tests.
2.2.1.1 Size effect on the uniaxial compressive strength
The uniaxial compression test is the oldest and simplest testing method in rock engineering
(John, Cook, and Zimmerman 2009). In this test, the maximum compressive stress that the
specimen can withstand before failure is termed as the uniaxial compressive strength (UCS).
Researchers have conducted size effect studies primarily on the UCS of rock.

This research reviewed 29 size effect studies and obtained 58 datasets, as some studies
contained more than one dataset. It is worthy to note that Yuki et al. (1995) considered the
anisotropy of welded tuff and tested specimens in the directions of perpendicular and parallel to
stratification (with the 𝛽 of 0°and 90°); Song et al. (2018) and Li (2019) also tested coal and slate
specimens in six directions with the 𝛽 of 0°, 30°, 45°, 45°, 75°, and 90°. These datasets are listed
in Appendix A Experimental data of uniaxial compressive strength. Table 2.1 summarizes the
main information of these datasets. The publication years for these studies are from 1962 to 2021.
The rock type in these studies includes marble, iron ore, granite, coal, limestone, sandstone,
andesite, tuff, diorite, siderite, gypsum, diabase, basalt, oolite, quartzite, cement mortar, and slate.
Therefore, this compilation considers all types of rock, including igneous rock, metamorphic rock,
sedimentary rock, and artificial rock. The range of size 𝐷 of the studied specimens is from 12.5
mm to 1828.8 mm. Herein 𝐷 refers to the diameter of a cylinder or the width of a rectangular prism.
The strength trend in these studies is not identical, even for the same type of rock. Table 2.1
categorizes the results into three groups: decreasing, first increasing and then decreasing, and
nonobvious.
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Table 2.1 Summary of size effect research in uniaxial compression test
Author (Year)

Rock Type

Mogi (1962)
Jahns (1966)
Lundborg (1967)
Bieniawski (1968)

Yamaguchi marble
Iron ore
Granite
Coal
Kansas limestone
Carthage marble
Longmont sandstone
Salida granite

Size Range
(mm)
20~100
100~1000
19-58
19~1524
25.4~203.2
25.4~146.05
25.4~101.6
25.4~76.2

Sanjome andesite

24~70

Ogino tuff

17~70

Inada granite

13~70

Shinkomatsu andesite

13~70

Aoishi sandy tuff
Quartz diorite
Grand diorite
Laurencekirk sandstone
Sound siderite
Quartz diorite
Gypsum

13~70
50.8~1828.8
50.8~1828.8
25~100
22~241
25~147
25.4~50.8

Decreasing
Decreasing
Decreasing
Decreasing
Nonobvious
Nonobvious
Nonobvious
Decreasing
Increasing and
decreasing
Increasing and
decreasing
Increasing and
decreasing
Increasing and
decreasing
Nonobvious
Decreasing
Decreasing
Nonobvious
Decreasing
Decreasing
Decreasing

Yellow limestone

75~580

Decreasing

33~294

Decreasing

28~145
21~145
30~150

Decreasing
Decreasing
Nonobvious

30~150

Nonobvious

Hoskins and Horino (1969)

Nishimatsu et al. (1969)

Pratt et al. (1972)
Dhir and Sangha (1973)
Herget and Unrug (1976)
Abou-Sayed and Brechtel (1976)
Baecher and Einstein (1981)
Natau, Frohlich, and Mutschler
(1983)
Jackson and Lau (1990)
Panek and Fannon (1992)

Yuki et al. (1995)

Hawkins (1998)

Lac du Bonnet grey
granite
Metadiabase
Ophitic basalt
Welded tuff (parallel)
Welded tuff
(perpendicular)
Pilton sandstone

12.5~150

Clifton Down limestone

12.5~150

Purbeck limestone

12.5~150
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Strength trend

Increasing and
decreasing
Increasing and
decreasing
Increasing and
decreasing

Pennant sandstone

12.5~150

Bath stone

12.5~150

Burrington oolite

12.5~150

Hollington sandstone

12.5~150
45~79.2
45~110
18~144
18~51

Nonobvious

Simon and Deng (2009)
Pierce, Gaida, and DeGagne (2009)
Darlington, Ranjith, and Choi (2011)
Gonzatti et al. (2014)

Clastic limestone
Two-mica granite
West Pymble sandstone
Gosford Quarry
sandstone
Intact rock
Quartzite
Cement mortar
Coal

Increasing and
decreasing
Increasing and
decreasing
Increasing and
decreasing
Increasing and
decreasing
Nonobvious
Nonobvious
Nonobvious

30~63
63~240
63.5~300
55~313

Masoumi, Saydam, and Hagan (2016)

Gosford sandstone

19~145

Quiñones et al. (2017)

Blanco Mera granite

14~100

Coal-0
Coal-30
Coal-45
Coal-60
Coal-75
Coal-90
Slate-0
Slate-30
Slate-45
Slate-60
Slate-75
Slate-90

25~75
25~75
25~75
25~75
25~75
25~75
25~75
25~75
25~75
25~75
25~75
25~75

Gambier limestone

26~285

Artificial rock

26~68

Shale
Red sandstone

25.4~76.2
20~150

Decreasing
Decreasing
Decreasing
Decreasing
Increasing and
decreasing
Increasing and
decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Decreasing
Increasing and
decreasing
Increasing and
decreasing
Nonobvious
Decreasing

Thuro and Plinninger (2001)

Pells (2004)

Song et al. (2018)

Li (2019)

Zhai et al. (2020)

Das, Mishra, and Gupta (2021)
Kong, Liu, and Lu (2021)
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Figure 2.1 shows the experimental results that present the decreasing trend. This figure
contains 31 datasets from 19 different papers, retrieving most of the datasets from the papers
directly (Baecher and Einstein, 1981; Bieniawski, 1968a; Gonzatti et al., 2014; Herget and Unrug,
1976; Hoskins and Horino, 1969; Jackson and Lau, 1990; Kong et al., 2021; Li, 2019; Lundborg,
1967; Mogi, 1962; Pierce et al., 2009; Pratt et al., 1972; Song et al., 2018). For some papers (AbouSayed and Brechtel, 1976; Darlington et al., 2011; Jahns, 1966; Natau et al., 1983; Panek and
Fannon, 1992; Simon and Deng, 2009), data was calculated based on the provided fit equation or
estimated from the original plot. Since most data points are in the size range of 0 to 200 mm, the
figure upscaled this area for clear presentation. From Figure 2.1, the UCS decreases with the
increase of size and the decrease rate diminishes.

Figure 2.1 Experimental results showing decreasing trend of UCS
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Figure 2.2 shows the experimental results that present the first increasing and then decreasing
trend. The figure contains 15 datasets from 5 different papers, retrieving all data from the papers
directly (Hawkins, 1998; Masoumi et al., 2016; Nishimatsu et al., 1969; Quiñones et al., 2017;
Zhai et al., 2020). This figure upscaled the plot of Gambier limestone and artificial rock for clear
presentation. From Figure 2.2, the UCS of all rocks increases first and then decreases as specimen
size increases. The peak UCS occurs at the size of 30~50 mm for most rocks.

Figure 2.2 Experimental results showing increasing and decreasing trend of UCS
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Figure 2.3 shows the experimental results that present nonobvious trend. The figure contains
12 datasets from 7 different papers, retrieving all datasets from the papers directly (Das et al., 2021;
Dhir and Sangha, 1973; Hoskins and Horino, 1969; Nishimatsu et al., 1969; Pells, 2004; Yuki et
al., 1995), except for two datasets (Thuro and Plinninger, 2001) which were calculated based on
the provided fitting equation. For Clastic limestone, Two-mica granite, West Pymble sandstone,
and Gosford quarry sandstone, the authors of the studies claimed the results to be nonobvious. For
Kansas limestone, Carthage marble, Longmont sandstone, Aoishi sandi tuff, and Welded tuff, the
results were categorized into the nonobvious trend since their relative UCS variations with size are
very small, within 10%. The result of Marcellus shale was categorized into the nonobvious trend
since its UCS first decreased and then increased.

Figure 2.3 Experimental results showing nonobvious trend of UCS
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2.2.1.2 Size effect on the triaxial compressive strength
The triaxial compression test is used to investigate the mechanical behavior of rocks in the
triaxial compressive stress state. The triaxial compressive strength (TCS) is defined as the
maximum axial stress that the specimen can withstand at a certain confining pressure (𝜎3 ). TCS
becomes UCS when 𝜎3 = 0. Since this test involves testing a rock specimen inside a pressure
vessel, the vessel restricts the size of specimen that can be tested. Therefore, size effect studies on
TCS are significantly fewer than studies on UCS.

This research reviewed 5 size effect studies and obtained 10 datasets. One of these studies
tested shale in six orientations considering its anisotropy. These datasets are listed in Appendix B
Experimental data of triaxial compressive strength. Table 2.2 summarizes the information of
all the available size effect research in the triaxial compression test. The publication years are from
1972 to 2019. The rock types include granite, gypsum, coal, sandstone, and slate. The sizes of
specimens range from 25 mm to 812.8 mm. The table categorizes the strength trends on the TCS
into two groups: decreasing and nonobvious. It is important to note that the results of gypsum and
Gosford sandstone are very similar. However, Hunt (1973) concluded that the strength trend on
the TCS is nonobvious while Masoumi (2013) claimed that the strength trend is first increasing
and then decreasing. After thoughtful consideration, this research categorized the strength trend
on the TCS of gypsum and Gosford sandstone as nonobvious since the relative variation of TCS
is within 10%.
Table 2.2 Summary of size effect research in triaxial compression test
Author (Year)

Rock Type

Size Range
(mm)

Strength trend

Singh and Huck (1972)

Charcoal black granite

76.2~812.8

Decreasing

Hunt (1973)

Gypsum

25.4~50.8

Nonobvious

Medhurst and Brown (1998)

Coal

61~300

Decreasing

Masoumi (2013)

Gosford sandstone

25~96

Nonobvious

Li (2019)

Slate

25~75

Decreasing

Figure 2.4 shows the experimental results of the size effect on the TCS. The data of Charcoal
black granite, gypsum, Gosford sandstone, and slate was retrieved directly from their respective
papers. The data for coal was calculated based on the provided fit equation in its paper. The figures
15

of all rocks show that the strength trend (either decreasing or nonobvious) is less affected by the
confining stress. Moreover, Figure 2.4 (e) shows that the strength of slate presents the decreasing
trend and the “U-shaped” curve.

Figure 2.4 Experimental results of size effect on TCS
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2.2.2 Empirical size effect models
Although the strength trend on UCS and TCS can be categorized into three groups, previous
studies have more widely accepted the decreasing trend. These studies have proposed many
empirical models to fit the decreasing trend of UCS and used them to predict the UCS of largesized rock. Table 2.3 lists the commonly used empirical models for the size effect on UCS. Among
these empirical models, the most used is Hoek and Brown's model (1980), which they obtained
based on experimental data (Bieniawski, 1968b; Hoskins and Horino, 1969; Mogi, 1962; Pratt et
al., 1972).
Table 2.3 Summary of empirical size effect models on UCS
Definition

Eq.

UCS = 𝐴1 𝐷 −𝑎1 + 𝐵1
𝐴1 , 𝐵1 , 𝑎1 are constants.

(2-1)

UCS = UCS1 (𝐷/𝐷1 )−𝑎2
𝐷1 is the reference size;
UCS1 is the UCS of the specimen at size 𝐷1;
𝑎2 is a constant.
UCS = 𝐴2 + 𝐵2 ln 𝐷
𝐴2 , 𝐵2 are constants.
UCS = UCSS − (UCSS − UCSL )[(𝐷 − 𝐷𝑠 )/(𝐷𝐿 − 𝐷𝑠 )]𝑎3
UCSS is the UCS of the small-scale specimen with size 𝐷𝑆 ;
UCSL is the UCS of the large-scale specimen with size 𝐷𝐿 ;
𝑎3 is a constant.
UCS = UCSM + (UCS0 − UCSM )−𝑎4 𝐷
UCS0 and UCSM are the UCS when 𝐷 → 0 and 𝐷 → ∞;
𝑎4 is a constant.

Used by
Mogi (1962),
Abou-Sayed and Brechtel (1976),
Price (1986),
Simon and Deng (2009).

(2-2)

Herget and Unrug (1976),
Hoek and Brown (1980),
Jackson and Lau (1990).

(2-3)

Thuro and Plinninger (2001).

(2-4)

Aubertin, Li, and Simon (2000),
Zhang et al. (2011).

(2-5)

Song et al. (2018),
Li et al. (2021).

The empirical model for TCS is rare. The first reason for this is that research on TCS is less
available than research on UCS. Secondly, it is difficult to find the appropriate fitting model since
the function of TCS contains two variables (the size 𝐷 and confining stress 𝜎3 ). Instead,
researchers tend to implement the empirical models of UCS into triaxial failure criteria. For
example, Medhurst and Brown (1998) incorporated Eq. (2-2) into the Hoek-Brown criterion. In
additional, Li et al. (2021) incorporated Eq. (2-5) into the Hoek-Brown criterion and Saeidi
criterion (Saeidi et al., 2014). These criteria will be discussed in Section 2.4.
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2.2.3 Theoretical size effect models
Although previous studies have successfully applied the empirical models in rock engineering,
the phenomenon of size effect requires theoretical support. In the classical mechanics of material,
strength is independent of size and size effect is excluded. Bažant (1999) argued that size effect is
the most fundamental characteristic for any physical theory, and a physical theory is correct only
if its size effect is correct. To explain size effect, researchers have developed the statistical model,
fracture model, and fractal model.
2.2.3.1 Statistical model
The statistical model is the first explanation for the phenomenon of size effect. The statistical
model originated from Mariotte’s statement in 1686 that a larger object is more likely to contain
defects, causing it to fail at a lower strength (Bažant, 1999). This statement forms the fundamental
idea of the statistical theory of size effect. Later, Griffith (1921) and Weibull (1939) made
remarkable contributions to the completion of the statistical model.
Griffith (1921) verified the existence of microscopic cracks inside glass and proved that cracks
cause the size effect. He prepared glass fibers of diameters ranging from 0.00013 inch to 0.0042
inch. The tension test on glass fibers showed that the strength of fibers increased from 42,300 psi
to 491,000 psi when its diameter decreased from 0.0042 inch to 0.00013 inch.

Weibull (1939) completed the mathematical formulation of the statistical model. He
postulated that a material could be decomposed into numerous volume elements, and the failure
of the structure happens as soon as one element fails. If a structure of volume 𝑉 contains elements
of volume 𝑉0 and the failure probability of each element at stress 𝜎 is 𝑃0 (𝜎), the failure probability
𝑃𝑓 (𝜎) of the structure is 𝑃𝑓 (𝜎)/𝑃0 (𝜎) = (𝑉/𝑉0 )𝑚 . If the lower failure probability corresponds to
higher strength, the nominal strength 𝜎𝑁 of the structure and the nominal strength 𝜎𝑁0 of the
individual element are related as:
𝜎𝑁
𝐷 −𝛼
=( )
𝜎𝑁0
𝐷0

(2-6)

where 𝐷 and 𝐷0 are the size of the whole structure and the individual element respectively, and 𝛼

is a positive material constant. The negative exponent −𝛼 indicates a strength reduction with
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increasing structure size. The nominal strength 𝜎𝑁 is a general form of strength. 𝜎𝑁 becomes UCS
and TCS when the material fails in the uniaxial and triaxial compressive stress states respectively.
Weibull’s work is the capstone of the statistical model of size effect. Most subsequent researchers
dealt with the refinement of the statistical model and its application to different fields (Bažant,
1999). The statistical model dominated the research of size effect for nearly half a century.
2.2.3.2 Fracture model
Researchers developed the fracture model of size effect based on fracture mechanics in the
1980s (Bažant, 1999). In fracture mechanics, the propagation of cracks causes the failure of a
material. For brittle material, the fracture process zone at the crack tip can be assumed to be a point,
as it is relatively small compared to the crack length (Inglis, 1913). Griffith (1924) derived the
critical stress (material strength) required for crack propagation using a thermodynamic approach,
called linear elastic fracture mechanics. Carpinteri (1981a; 1981b) firstly related the material
strength with the size,
𝜎𝑁
𝐷 −1/2
=( )
𝜎𝑁0
𝐷0

(2-7)

Eq. (2-7) is the same as Eq. (2-6) if 𝛼 = 0.5. However, for quasi-brittle materials, the fracture
process zone is not negligible since the materials contain sizable inhomogeneities. Thus, Eq. (2-7)
is not applicable for quasi-brittle materials, such as rock and concrete.
Bažant (1984) argued that the size effect of quasi-brittle materials is a gradual transition from
the curve of classic strength theory to the curve of linear elastic fracture mechanics, as shown in
Figure 2.5. When the size of quasi-brittle material is sufficiently small (𝐷 < 𝐷1 ), the fracture
process zone is not negligible, as it occupies the entire specimen. Thus, the classical strength theory
is applicable in this situation and there is no size effect. The nominal strength 𝜎𝑁 = 𝜎𝑁0 . When the
size is sufficiently large ( 𝐷 > 𝐷2 ) , the material inhomogeneities will be neglectable. Thus,
𝜎𝑁 /𝜎𝑁0 = (𝐷/𝐷0 ) −1/2. For the structure in the middle size range (𝐷1 ≤ 𝐷 ≤ 𝐷2 ), Bažant (1984)
derived the approximate size effect law (SEL) for quasi-brittle materials based on non-linear
fracture mechanics:
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𝜎𝑁 =

𝐵𝑓𝑡
𝐷
√1 +
𝜆0 𝑑𝑎

1

Transform

⇒

𝜎𝑁
𝐷 −2
= (1 + )
𝜎𝑁0
𝐷0

(2-8)

In the original equation, 𝐵 and 𝜆0 are material constants, 𝑓𝑡 is the intrinsic strength, and 𝑑𝑎 is the
maximum aggregate size. For the convenience of comparison, the original equation was
transformed by setting 𝜎𝑁0 = 𝐵𝑓𝑡 and 𝐷0 = 𝜆0 𝑑𝑎 . It is important to note that 𝐷0 cannot be
selected arbitrarily. 𝐷0 represents the transitional size at the intersection of the curves of the
classical strength theory and linear fracture mechanics. In addition, 𝜎𝑁0 is the intrinsic material
strength at a small scale, rather than the nominal strength at the reference size 𝐷0 . According to
Eq. (2-8), the nominal strength tends to be zero when the size is very large. Bažant et al. (1991)
proposed a more general equation by adding a constant term; thus, the nominal strength approaches
to a constant nonzero value as the size increases.

Figure 2.5 Transitional scaling of the nominal strength of quasi-brittle materials (Modified from Bazant
1984)

2.2.3.3 Fractal model
Mandelbrot (1982) defined the term fractal as “a rough of fragmented geometric shape that
can be split into parts, each of which is (at least approximately) a reduced-size copy of whole”.
The fractal concept of self-similarity was later used to explain the size effect. Carpinteri (1994)
assumed that the defects in a structure are self-similar, thus the size of most dangerous defects is
proportional to the structure size. In this case, the material is disordered since it contains a
considerable dispersion in the size distribution of defects. Otherwise, the material tends to be
ordered if the dispersion is relatively low. Carpinteri pointed out that “the effect of microstructural
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disorder on mechanical behavior becomes progressively less important for larger scales, whereas
it represents the fundamental feature for smaller scales”. Based on this assumption, Carpinteri,
Chiaia, and Ferro (1995) proposed the multifractal scaling law (MFSL):
1

𝑙 Transform 𝜎𝑁
𝐷0 2
𝜎𝑁 = 𝑓𝑐 √1 + ⇒
= (1 + )
𝐷
𝜎𝑁0
𝐷

(2-9)

In the original equation, 𝑓𝑐 is the intrinsic strength and 𝑙 is a material constant with unit of length.
For the convenience of comparison, the original equation is transformed by setting that 𝜎𝑁0 = 𝑓𝑐
and 𝐷0 = 𝑙.
2.2.3.4 Unified size effect model
The statistical model, SEL, and MFSL all predict a decreasing trend of strength as size
increases. However, some experimental results showed that strength increased initially and then
decreased. To fit the ascending and descending trend of strength, Masoumi, Saydam, and Hagan
(2016) proposed the unified size effect law (USEL) by combing the fractal fracture size effect law
(FFSEL) and the SEL. The FFSEL (Bažant, 1997) controls the ascending section while the SEL
(Bažant, 1984) determines the descending section. Therefore, the USEL presents the minimum
strength predicted by the FFSEL and SEL as follows:
𝜎𝑁 = min

𝜎0 𝐷

𝑑𝑓 −1
2

,

𝐵𝑓𝑡

𝐷
𝐷
√1 +
√1 +
𝜆 0 𝑑𝑎
𝜆 0 𝑑𝑎 )
(

(2-10)

In the FFSEL, 𝜎0 and 𝑑𝑓 are the intrinsic strength and the fractal dimension of fracture surface.
𝑑𝑓 = 1 presents no-fractal characteristics of fracture surface. 𝑑𝑓 ≠ 1 presents fractal
characteristics. The intersection between SEL and FFSEL occurs at 𝐷 = (𝐵𝑓𝑡 /𝜎0 )2/(𝑑𝑓 −1) . It is
difficult to fit the USEL to experimental data since Eq. (2-10) contains six parameters. Masoumi,
Saydam, and Hagan (2016) suggested to divide the experimental data into two parts at the
intersection. They first fitted the SEL to the data above the intersection to obtain 𝐵𝑓𝑡 and 𝜆0 𝑑𝑎 .
They then fitted the FFSEL to the data below the intersection to obtain 𝜎0 and 𝑑𝑓 . Although the
USEL fitted with the increasing and then decreasing trend, it is not widely accepted.
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2.2.3.5 Comparison of the size effect models
Figure 2.6 compares the differences between the statistical model, SEL, and MFSL. Although
the three models show a similar declining trend of strength as size increases, the concavities of
their bilogarithmic curves are different. The statistical model predicts infinite strength as size
decreases and zero strength as size increases. The SEL predicts finite strength 𝜎𝑁0 as size
decreases and zero strength as size increases. The MFSL predicts infinite strength as size decreases
and finite strength 𝜎𝑁0 as size increases. It is important to note that the intrinsic strength 𝜎𝑁0 in the
statistical model, SEL, and MFSL has different definitions as stated previously. In practice, 𝜎𝑁0 is
determined through data fitting.

Figure 2.6 Proportional and bilogarithmic diagrams of statistical model, SEL, and MFSL

2.3

Anisotropy of rock strength
There are extensive experimental data reporting strength anisotropy (Allirot and Boehler,

1979; Attewell and Sandford, 1974; F. Donath, 1964; McLamore and Gray, 1967; Niandou et al.,
1997; Ramamurthy, 1993). Duveau et al. (1998) summarized that the strength achieves its
maximum when the major stress is normal or parallel to the bedding plane while the strength is at
its minimum when the orientation angle between the major stress and bedding planes is from 30°
to 60°. In other words, the strength variation follows the “U-shaped” curve. To describe this “Ushaped” curve, numerous failure criteria have been proposed (Pei, 2008). Among them, the single
plane of weakness model (Jaeger, 1960) is the most popular. Jaeger assumed that the bedding
planes are weaknesses, and rock failure can occur either along the bedding planes or inside the
rock matrix. Therefore, the overall strength of rock is the minimum of bedding planes and rock
matrix. Pei (2008) has extensively analyzed and compiled the experimental data of anisotropic
22

rocks. This research reviews the failure criteria that are widely used in rock mechanics. The
following section introduces the failure criteria for isotropic rocks, which serves as a starting point
for the discussion on anisotropic rocks.

2.3.1 Failure criteria of isotropic rock
Most failure criteria are formulated with material constants and principal stresses (Yu, 2002).
The material constants determine the strength characteristics of material. For example, the
cohesion and friction angle in Coulomb failure criterion decide the strength envelope in the
principal stress space. Researchers have designed laboratory tests to produce different principal
stresses so that they can obtain material constants based on the test results. In the uniaxial
compression test, the principal stresses are 𝜎1 > 𝜎2 = 𝜎3 = 0 . In the conventional triaxial
compression test, the principal stresses are 𝜎1 > 𝜎2 = 𝜎3 > 0. This test does not consider the
effect of the intermediate principal stress 𝜎2 in the early stages. Therefore, many failure criteria
are functions of only 𝜎1 and 𝜎3 , or 𝜎1 = 𝑓(𝜎3 ). Among them, the most widely used are the MohrCoulomb, Griffith, and Hoek–Brown Criteria, as expressed in Eq. (2.11)-(2.13) respectively,
𝜎1 =

1 + sin 𝜙
2 cos 𝜙
𝜎3 +
𝑐
1 − sin 𝜙
1 − sin 𝜙

(2.11)

where 𝜙 and 𝑐 are the angle of internal friction and the cohesion of rock.
(𝜎1 − 𝜎3 )2 = 8𝑇0 (𝜎1 + 𝜎3 )

if (𝜎1 + 3𝜎3 ) ≥ 0

𝜎3 = −𝑇0

if (𝜎1 + 3𝜎3 ) < 0

(2.12)

where 𝑇0 is the tensile strength of rock.
𝜎1 = 𝜎3 + 𝜎𝑐𝑖 (𝑚

𝑎
𝜎3
+ 𝑠)
𝜎𝑐𝑖

(2.13)

where 𝜎𝑐𝑖 is the uniaxial compression strength of the intact rock; 𝑚, 𝑠, and 𝑎 are the material
constants of rock mass. For intact rock, 𝑠 = 1 and 𝑎 = 0.5. Figure 2.7 shows the Mohr-Coulomb,
Griffith, and Hoek–Brown Criteria in the two-dimensional stress condition.
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Figure 2.7 Mohr-Coulomb Criterion, Griffith Criterion, and Hoek–Brown Criterion in the twodimensional stress condition

According to Kwaśniewski (2012), Murrell (1963) was the first researcher to notice the effect
of 𝜎2 on rock strength. Murrell found that the strength of Carrara marble increased as 𝜎2 increased
after comparing the triaxial compression test result (Von Karman, 1911) with the confined
extension test result (Boker, 1915). Since then, numerous experiments studied the effect of 𝜎2 and
developed different failure criteria to incorporate 𝜎2 . In other words, the failure criterion becomes
𝜎1 = 𝑓(𝜎2 , 𝜎3 ). It is worthy to note that most of these failure criteria originate from the von Mises
yield criterion (Mises, 1913) for ductile metals. Later studies have modified these criteria to fit the
experimental results of soil and rock. The most widely used failure criteria in rock mechanics are
the Drucker-Prager criterion (Drucker and Prager, 1952), Mogi criterion (Mogi, 1971), and
Modified Lade criterion (Kim and Lade, 1984). These criteria are expressed in Eq. (2.14)-(2.16)
respectively.
√𝐽2 = 𝑎 + 𝑏𝐼1

(2.14)

where 𝐽2 is the second deviatoric stress invariant; 𝐼1 is the first stress invariant; and 𝑎 and 𝑏 are
material constants. Other researchers have modified this criterion into the exponential form
𝑛/2

𝐽2

= 𝑎 + 𝑏𝐼1 (Pariseau, 1968) and the quadratic form √𝐽2 = 𝑎 + 𝑏𝐼1 + 𝑐𝐼12 (Zhou, 1994).
𝜏𝑜𝑐𝑡 = 𝑓(𝜎𝑚2 )

(2.15)

where 𝜏𝑜𝑐𝑡 is the octahedral shear stress; 𝜎𝑚2 is the effective mean normal stress, 𝜎𝑚2 = (𝜎1 +
𝜎3 )/2. Function 𝑓 is determined through curve fitting. Past studies have used the linear form
𝑓(𝜎𝑚2 ) = 𝑎 + 𝑏𝜎𝑚2 (Al-Ajmi and Zimmerman 2005; Haimson and Song 1995) and the power𝑏
law form 𝑓(𝜎𝑚2 ) = 𝑎𝜎𝑚2
(Haimson and Chang 2000; Mogi 1972).
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′

𝐼13
𝐼1 𝑚
( − 27) ( ) = 𝜂1
𝐼3
𝑝𝑎

(2.16)

where 𝐼3 is the third stress invariant; 𝑝𝑎 is the atmospheric pressure; and 𝑚′ and 𝜂1 are the
material constants. Ewy (1999) modified this criterion to describe the linear pressure dependent of
strength by setting 𝑚′ = 0. Figure 2.8 shows the Drucker-Prager criterion, Mogi criterion, and
Modified Lade criterion in the 𝜋-Plane cross section.

Figure 2.8 Drucker-Prager criterion, Mogi criterion, and Modified Lade criterion in the 𝜋-Plane cross
section

2.3.2 Failure criteria of anisotropic rock
Many sedimentary and metamorphic rocks have significant stratified or foliated structures.
The strength of these rock types is dependent on the rock structure. Therefore, the strength of
anisotropic rock depends on the direction of bedding planes. The corresponding failure criterion is
a function not only of principal stresses but also of the direction of bedding planes. Figure 2.9
shows the direction of bedding planes in the three-dimensional stress condition. In this figure, 𝛽
is the angle between 𝜎1 and the normal direction of bedding planes, and 𝜔 is the foliation direction
angle between 𝜎2 and the strike direction of bedding planes. The failure criteria of anisotropic rock
in the three-dimensional stress condition are generalized as 𝜎1 = 𝑓(𝜎2 , 𝜎3 , 𝛽, 𝜔). The failure
criteria in the two-dimensional stress condition are 𝜎1 = 𝑓(𝜎3 , 𝛽).

25

Figure 2.9 Direction of bedding planes with respect to principal stresses in the three-dimensional stress
condition

For decades, numerous researchers have conducted studies on the strength characteristics of
anisotropic rocks and proposed different anisotropic failure criteria. Duveau, Shao, and Henry
(1998) assessed these anisotropic failure criteria and categorized them into three groups:
mathematical continuous criteria, empirical continuous criteria, and discontinuous criteria.
Ambrose (2014) later included more anisotropic failure criteria into the classification. Figure 2.10
shows the classification of the anisotropic failure criteria. Ambrose (2014) summarized that most
of these anisotropic failure criteria are not used in rock engineering due to mathematical
complexity or the lack of physical foundation. Instead, researchers modified the isotropic failure
criteria, such as the Mohr-Coulomb, Griffith, and Hoek–Brown Criteria, to be anisotropic. These
modified criteria are more well-known due to the popularity of original criteria.
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Figure 2.10 Classification of anisotropic failure criteria (Ambrose, 2014)

2.3.2.1 Modified Mohr-Coulomb criterion
For rocks that have a set of parallel planes of weakness, Jaeger (1960) assumed that failure
occurs either along the weak planes or inside the rock matrix. The failure of rock matrix and weak
plane both obey the Mohr-Coulomb criterion. The internal friction angle and the cohesion of rock
matrix are 𝜙 and 𝑐, while the internal friction angle and the cohesion of weak plane are 𝜙𝑤 and
𝑐𝑤 . Therefore, the friction coefficients of rock matrix and weak planes are 𝑢 = tan 𝜙 and 𝑢𝑤 =
tan 𝜙𝑤 . Figure 2.11 shows rocks with a set of parallel planes of weakness under the twodimensional stress condition. Jaeger proposed the modified Mohr-Coulomb criterion (also referred
as Single Plane of Weakness theory) as follows:
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2𝑐𝑤 + 𝜎3 (𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤 )
−𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤
𝜎1 =
2𝑐 cos 𝜙 + 𝜎3 (1 + sin 𝜙)
1 − sin 𝜙
{

Failure of bedding planes
(2.17)
Failure of rock matrix

Thus, the strength is the smaller value of 𝜎1 in Eq. (2.17). Figure 2.11 shows the strength variation
with 𝛽𝑤 and 𝜎3 . This figure shows that rock will have same strength when 𝛽𝑤 = 0 or 90°and the
strength is linearly dependent on 𝜎3 . However, this result is not applicable to some experimental
data. Duveau and Shao (1998) modified Jaeger's original criterion by using different cohesion and
friction angle values for 𝛽𝑤 = 0 and 90°, and introducing a non-linear friction law. Furthermore,
Konietzky and Ismael (2017) extended Jaeger’s model to rocks that contained several weak planes
with different orientation and strength parameters.

Figure 2.11 Direction of bedding planes with respect to principal stresses in the two-dimensional stress
condition and the strength variation with 𝛽𝑤 and 𝜎3 , 𝑝2 > 𝑝1 > 0.

2.3.2.2 Modified Griffith criterion
The Griffith criterion deals with the problem of cracks under tension in a plate. The plate is
assumed to be isotropic and the small cracks are randomly orientated. McClintock and Walsh
(1962) considered the closure of cracks under compression, as shown in Figure 2.12. They
assumed that a crack would close when the normal stress on the crack reaches the critical value,
thus they had to consider the friction acting on the crack surface. Based on this assumption, they
derived the fracture stress of the crack as follows:
𝜎1 =

4𝑇𝑐 + 𝜎3 (𝑢𝑐 − 𝑢𝑐 cos 2𝛽𝑐 + sin 2𝛽𝑐 )
−𝑢𝑐 − 𝑢𝑐 cos 2𝛽𝑐 + sin 2𝛽𝑐
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(2.18)

where 𝑇𝑐 is the tensile strength of the crack, 𝑢𝑐 is the friction coefficient on the crack, and 𝛽𝑐 is
the angle between 𝜎1 and the normal direction of crack. Eq. (2.18) turns into the failure criteria of
weak planes in Eq. (2.17) when 2𝑇𝑐 equals to 𝑐𝑤 . Figure 2.12 shows the strength variation with
the orientation angle 𝛽𝑐 and 𝜎3 . Walsh and Brace (1964) later noted that the tensile strength 𝑇𝑐 of
crack depends on the crack length 𝜌𝑐 and the crack tip radius 𝑟𝑐 , 𝑇𝐶 = 𝑇𝑐0 (𝑟𝑐 /𝜌𝑐 )1/2 (𝑇𝑐0 is the
critical value of tensile strength). Thus, the strength depends also on the size of crack.

Figure 2.12 Direction of crack with respect to the principal stresses in the two-dimensional stress
condition and the strength variation with 𝛽𝑐 and 𝜎3 , 𝑝2 > 𝑝1 > 0.

2.3.2.3 Modified Hoek-Brown criterion
Hoek and Brown (1980) modified the original Hoek-Brown criterion for anisotropic rock. In
the original criterion Eq. (2.13), the parameters 𝑚 and 𝑠 are material constants of rock. For
anisotropic rock, 𝑚 and 𝑠 are related with the orientation 𝛽 of rock,
𝑚 = 𝑚0 [1 − 𝑁1 exp(−𝜃)4 ]; 𝑠 = 1 − 𝑃1 exp(−𝜁)4

(2.19)

where 𝑚0 is the value of 𝑚 for intact rock with 𝛽 = 0°. 𝜃 and 𝜁 are:
𝜃=

𝛽𝑚 − 𝛽
𝛽𝑠 − 𝛽
; 𝜁=
𝑁2 + 𝑁3 (90 − 𝛽)
𝑃2 + 𝑃3 (90 − 𝛽)

(2.20)

where 𝛽𝑚 and 𝛽𝑠 are the orientation angles where 𝑚 and 𝑠 are minimum. 𝑁1 , 𝑁2 , 𝑁3 , 𝑃1 , 𝑃2 and
𝑃3 are material constants. The value of these constants can be obtained through data fitting. Hoek
and Brown argued that this criterion contains too many constants, thus it is not suitable in practice.
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Saroglou and Tsiambaos (2008) suggested that it is more appropriate to determine the
variation of strength of intact rock instead of relating the constants 𝑚 and 𝑠 to 𝛽. Thus, they
proposed a new modified Hoek-Brown criterion for intact anisotropic rock,
𝜎3
𝜎1 = 𝜎3 + 𝜎𝑐𝛽 (𝑘𝛽 𝑚𝑖
+ 1)
𝜎𝑐𝛽

0.5

(2.21)

where 𝜎𝑐𝛽 is the UCS at the orientation angle of 𝛽 , and 𝑘𝛽 is the parameter describing the
anisotropy effect. According to Donath (1961),
𝜎𝑐𝛽 = 𝐴3 − 𝐷𝑑 cos 2(𝛽𝑚 − 𝛽)

(2.22)

where 𝛽𝑚 is the angle at which the UCS is minimum, and 𝐴3 and 𝐷𝑑 are material constants. Future
studies applied this modified Hoek-Brown criterion to many anisotropic rocks (Saroglou and
Tsiambaos, 2008).
2.3.2.4 Influence of 𝝈𝟐 and 𝝎
Jaeger (1960) extended his model Eq. (2.17) to the true-triaxial stress condition. Jaeger
calculated the normal stress 𝜎𝑛 and the shear stress 𝜏 based on all three principal stresses 𝜎1 , 𝜎2 , 𝜎3
and two directional angles 𝛽 and 𝜔. The failure along bedding planes occurs when the Coulomb
criterion is satisfied: 𝜏 = 𝑢𝑤 𝜎𝑛 + 𝑐𝑤 . However, this study did not validate the true-triaxial
criterion due to the lack of experimental data. Mogi and Kwaśniewski (2012) conducted truetriaxial tests on Chichibu schist and provided the complete experimental strength data. They found
that the confining stress 𝜎2 and the foliation direction 𝜔 influenced strength. In addition, the effect
of 𝜎2 was dependent on the angle 𝜔. They described the response of the Chichibu schist under the
true-triaxial compression conditions (Kwaśniewski and Mogi, 1990). Rozlan (2014) reassessed
Jaeger’s model using Mogi and Kwaśniewski’s experimental data. The results showed that the
strength of anisotropic rocks 𝜎1 increases with the increase in the confining stress 𝜎2 and the
foliation direction 𝜔. Furthermore, 𝜔 affects the influence of 𝜎2 , as higher 𝜔 leads to a higher
influence of 𝜎2 . However, Jaeger’s model overpredicted the strength.

30

2.4

Combined influence of size effect and anisotropy
Researchers have primarily investigated size effect and anisotropy of rock strength separately.

There is limited study that investigated the combined effect of size effect and anisotropy. This
study is rare since it requires testing different-sized specimens at different 𝛽. Only two published
papers have related size effect with anisotropy on rock strength.
Song et al. (2018) investigated the size effect and anisotropy on the UCS of coal. The UCS
exhibited the “U-shaped” curve against the orientation for different-sized specimen, but the degree
of anisotropy decreased as specimen size increased. The decreasing trend of UCS presented in all
the orientation angles. The size effect was greatest when the 𝛽 was 90°and was least when the 𝛽
was 45°. To describe the size-dependent and anisotropic UCS of coal, Song et al. proposed a
unified empirical equation based on Eq. (2.22),
UCS(𝐷, 𝛽) = 𝐴𝑀 − 𝐷𝑀 cos 2(𝛽𝑚 − 𝛽)
+ [(𝐴0 − 𝐴𝑀 ) − (𝐷0 − 𝐷𝑀 ) cos 2(𝛽𝑚 − 𝛽)]𝑒 −𝑘𝐷

(2.23)

where UCS(𝐷, 𝛽) is the UCS of the specimen with size of 𝐷 and orientation of 𝛽. 𝐴0 , 𝐷0 , 𝐴𝑀 , and
𝐷𝑀 are material constants that control the anisotropy, as defined in Eq. (2.22). 𝐴0 and 𝐷0
correspond to the constants when the specimen size is infinitely large, while 𝐴𝑀 and 𝐷𝑀
correspond to the constants when the specimen size is infinitely small. 𝛽𝑚 is the orientation angle
where the value of UCS is minimum. 𝑘 is a positive constant that controls the size effect. Figure
2.13 compares the fitting result of the empirical equation with the experimental data.

Figure 2.13 Fitting result of the empirical equation with the experimental data (Song et al., 2018)
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Li et al. (2021) investigated the size effect and anisotropy on the UCS and TCS of slate. The
UCS and TCS exhibited the “U-shaped” curve and followed the decreasing trend. Li et al. claimed
that their result is like that of Song et al. (2018). Therefore, they incorporated Eq. (2.23) into the
modified Hoek-Brown criterion Eq. (2.21), and developed a size-dependent and anisotropic failure
criterion in the following form
𝜎3
𝜎1 = 𝜎3 + 𝜎𝑐𝛽 (𝑘𝛽 𝑚𝑖
+ 1)
𝜎𝑐𝛽

0.5

𝜎𝑐𝛽 = 𝐴𝑀 − 𝐷𝑀 cos 2(𝛽𝑚 − 𝛽)

(2.24)

+[(𝐴0 − 𝐴𝑀 ) − (𝐷0 − 𝐷𝑀 ) cos 2(𝛽𝑚 − 𝛽)]𝑒 −𝑘𝐷
Li et al. (2021) proposed another size-dependent and anisotropic failure criterion by substituting
Eq. (2.23) into the Saeidi failure criterion,
𝜎1 = 𝜎3 + 𝜎𝑐𝛽

1 + 𝑃(𝜎3 /𝜎𝑐𝛽 )
𝛼𝛽 + 𝑄(𝜎3 /𝜎𝑐𝛽 )

𝜎𝑐𝛽 = 𝐴𝑀 − 𝐷𝑀 cos 2(𝛽𝑚 − 𝛽)

(2.25)

+ [(𝐴0 − 𝐴𝑀 ) − (𝐷0 − 𝐷𝑀 ) cos 2(𝛽𝑚 − 𝛽)]𝑒 −𝑘𝐷
where 𝑃 and 𝑄 are material constants as defined in the Saeidi failure criterion (Saeidi et al., 2014);
𝛼𝛽 is the reduction factor of the strength associated with the anisotropy. Eq. (2.24) and Eq. (2.25)
were named as size-dependent modified Hoek-Brown failure criterion and size-dependent Saeidi
failure criterion respectively. Figure 2.14 compares the applicability of these two criteria to the
experimental data. The cyan surface represents the size-dependent modified Hoek–Brown failure
criterion. The orange surface represents the size-dependent Saeidi failure criterion
Other than intact rock, Kulatilake (2017) has extensively researched the anisotropy and size
effect on the strength of rock mass. He asserted that the discontinuities inside rock mass makes the
strength becoming size-dependent and anisotropic. He categorized the discontinuities into major
and minor depending on the feature size. Major discontinuities (faults, bedding planes, and dikes)
are deterministically single features causing anisotropy. Minor discontinuities (fissures, fractures,
and joints) are randomly distributed features causing size effect.
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Figure 2.14 Comparisons between applicability of proposed size-dependent failure criteria: (a) 𝛽 = 90°;
(b) 𝛽 = 75°; (c) 𝛽 = 60°; (d) 𝛽 = 45°; (e) 𝛽 = 30°, and (f) 𝛽 = 0°(Li et al., 2021)
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2.5

Summary
This chapter summarized the size effect on rock strength from three aspects: experimental

data, empirical size effect models, and theoretical size effect models. Most experimental datasets
showed the decreasing trend. Therefore, researchers accepted the size effect as a distinctive feature
of rock. Earlier studies proposed empirical functions to fit the decreasing trend of UCS which was
then applied into the triaxial failure criteria for predicting TCS. The statistical, fracture energy,
and fractal theories developed the statistical model, SEL, and MFSL respectively. The three size
effect models showed a similar decreasing trend of strength as size increases. These studies
considered cracks to be randomly distributed features causing size effect.
This chapter reviewed the anisotropy on rock strength from two aspects: the failure criteria
for isotropic and anisotropic rocks. The most widely used criteria in rock engineering are MohrCoulomb criterion, Griffith criterion, and Hoek-Brown criterion. These criteria are isotropic and
size-independent. To describe the strength of anisotropic rocks, later studies modified the MohrCoulomb criterion, Griffith criterion, and Hoek-Brown criterion. These studies considered bedding
planes as deterministically single features causing anisotropy.
Lastly, this chapter reviewed studies that considered both size effect and anisotropy. The result
showed that the UCS and TCS followed the decreasing trend and exhibited the “U-shaped” curve
against the bedding plane angle. These studies developed the size-dependent modified HoekBrown failure criterion and the size-dependent Saeidi failure criterion to describe the size effect
and anisotropy of UCS and TCS. However, the failure criteria are very complex since many
constant parameters are introduced for fitting the variation of strength. In addition, the empirical
failure criteria lack theoretical explanation. There was no theoretical failure criterion that can
capture the decreasing trend and the “U-shaped” curve at the same time.

34

3 Theoretical analysis
3.1

Introduction
To study the size effect of rock strength, previous research followed these steps: conducting

numerous laboratory experiments, obtaining as much strength data as possible, analyzing the data
using different statistical methods, and finding the best fit equation to describe the size effect.
However, for shale and other transversely isotropic rocks, the laboratory experiment needs to
consider anisotropy as well as size effect. Therefore, the experiment requires a large testing
program, which includes a large number of specimens of different sizes and orientations. This
testing program is laborious and expensive. In addition, the best fit equation is very complicated
and lacks theoretical explanation, thus it may not be useful for engineering practice. To avoid these
difficulties, this research uses theoretical analysis to initiate this topic. It tries to theoretically
derive a size-dependent and anisotropic failure criterion to capture the size effect and anisotropy
of shale strength. It also serves as the basis for numerical modeling and laboratory experiment.
Shale is made up of several thin laminas that are formed in the sedimentary process (O’Brien,
1996). The bedding planes exist between laminas. In addition, there are small-scale cracks inside
shale matrix. Ambrose (2014) used Figure 3.1 to show the structure of shale and its discontinuities.
At the millimeter scale, the significant structure features are bedding planes and cracks (hairline
fracture, thin organic stringer, and silt burrows). According to the literature review, the Griffith
criterion and Coulomb criterion can predict failure caused by cracks and bedding planes
respectively. McClintock and Walsh (1962) modified the Griffith criterion to relate the strength of
rock to the length of cracks. Jaeger (1960) modified the Mohr-Coulomb criterion to describe the
anisotropic strength of rock that contains a set of parallel bedding planes. Based on the work of
McClintock, Walsh and Jaeger, this chapter proposed a size-dependent and anisotropic failure
criterion. This failure criterion can describe the strength of rock that contain both cracks and
bedding planes. The following section details the development of this failure criterion.

35

Figure 3.1 “Mental picture” of shales showing weak planes, texture, and composition (Ambrose, 2014)

3.2 Formulation of the size-dependent and anisotropic Mohr-Coulomb
failure criterion
3.2.1 Assumptions
This research assumes that the structure of shale can be simplified as consisting of shale matrix,
bedding planes, and cracks, as shown in Figure 3.2. Shale matrix is isotropic and size-independent.
Bedding planes and cracks cause the anisotropy and size effect of shale.

Figure 3.2 Simplified shale structure consisting of shale matrix, bedding planes, and cracks
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3.2.2 Mohr-Coulomb criterion for shale matrix
Firstly, Shale matrix is isotropic and size-independent since no structural features (bedding
planes and cracks) exist within it, as shown in Figure 3.3 (a). Because the Mohr-Coulomb criterion
is the most widely used strength criterion for intact rock, it can then describe the strength of shale
matrix,
𝜎1 =

1 + sin 𝜙𝑚
2 cos 𝜙𝑚
𝜎3 +
𝑐
1 − sin 𝜙𝑚
1 − sin 𝜙𝑚 𝑚

(3.1)

where 𝜙𝑚 and 𝑐𝑚 are the friction angle and the cohesion of shale matrix. Figure 3.3 (b) shows the
strength variation of shale matrix in the two-dimensional stress condition.

Figure 3.3 Shale matrix in the two-dimensional stress condition and its strength variation with 𝜎3

3.2.3 Anisotropic Mohr-Coulomb criterion for shale matrix with bedding planes
Secondly, bedding planes are introduced into the shale matrix model, as shown in Figure 3.4
(a). Failure can occur inside the matrix or along bedding planes. Therefore, the strength becomes
anisotropic; however, it is still size-independent. The modified Mohr-Coulomb criterion (Jaeger,
1960) can describe the strength,
𝜎3 (𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤 ) + 2𝑐𝑤
−𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤
𝜎1 = min
𝜎3 (1 + sin 𝜙𝑚 ) + 2𝑐𝑚 cos 𝜙𝑚
1 − sin 𝜙𝑚
{
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For weak plane
(3.2)
For rock matrix

where 𝑢𝑤 , 𝑐𝑤 , and 𝛽𝑤 are the friction coefficient, cohesion, and orientation angle of weak plane.
Figure 3.4 (b) shows the strength variation of the model in the two-dimensional stress condition.
Eq. (3.2) is renamed as the anisotropic Mohr-Coulomb failure criterion.

Figure 3.4 Shale matrix with bedding planes in the two-dimensional stress condition and its strength
variation with 𝛽𝑤 and 𝜎3 , 𝑝2 > 𝑝1 > 0.

3.2.4 Size-dependent Mohr-Coulomb criterion for shale matrix with cracks
Thirdly, cracks are introduced into the shale matrix model. The Griffith theory states that
brittle material is filled with cracks, a crack propagates when its maximum stress exceeds the
molecular cohesive strength of material, and crack propagation is identified as material failure
(Orowan, 1949). Figure 3.5 (a) shows a flat elliptical crack in a two-dimensional rock model
subjected to compressive stresses. 𝜎1 and 𝜎3 are the first and third principal stresses; 𝑙 is the crack
length; 𝑟 is the crack tip radius; and 𝛽𝑐 is the orientation angle of the crack, defined as the angle
between the direction of 𝜎1 and the normal to the crack long axis. McClintock and Walsh (1962)
considered the friction effect along the crack surface when the crack is closed, and derived the
expression of the maximum stress at the crack tip as:
𝜎=

1
(𝑙/𝑟)1/2 [(𝜎1 − 𝜎3 )(sin 2𝛽𝑐 − 𝑢 cos 2𝛽𝑐 ) − 𝑢𝑐 (𝜎1 + 𝜎3 )]
2

(3.3)

where 𝑢𝑐 is the friction coefficient of the crack surface. When the maximum stress reaches the
molecular cohesive strength 𝜎𝑐𝑟 , the crack starts to propagate. In such cases, the stress condition
is transformed as:
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2𝜎𝑐𝑟 (𝑙/𝑟)−1/2 + 𝜎3 (𝑢𝑐 − 𝑢𝑐 cos 2𝛽𝑐 + sin 2𝛽𝑐 )
𝜎1 =
−𝑢𝑐 − 𝑢𝑐 cos 2𝛽𝑐 + sin 2𝛽𝑐

(3.4)

Eq. (3.4) represents the stress condition of the rock failure caused by crack propagation. Figure
3.5 (b) depicts the failure curve of the rock model caused by crack propagation. 𝑝1 and 𝑝2
represent different confining stresses (𝑝2 > 𝑝1 > 0). The value of 𝜎1 tends to infinity as 𝛽𝑐 equals
𝜙𝑐 or 90°and therefore the crack propagation is not possible. The value of 𝜎1 is finite as 𝛽𝑐 varies
from 𝜙𝑐 to 90°and achieves its minimum when 𝛽𝑐 = 45° + 𝜙𝑐 /2. The minimum value of 𝜎1 is:
𝜎1𝑚𝑖𝑛

2𝜎𝑐𝑟 (𝑙/𝑟)−1/2 cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
=
1 − sin 𝜙𝑐

(3.5)

Figure 3.5 (a) Two-dimensional rock model with single crack under compressive stresses, (b) failure
curve of rock model caused by crack propagation

It is necessary to consider that rock contains numerous cracks, and rock failure can occur at
any crack. The Griffith theory assumes that the cracks have uniform orientation and position, that
the crack tip radius is the same, and that the interaction of cracks is negligible (Orowan, 1949).
Furthermore, this study assumes that cracks have the same friction coefficient. As such, the crack
length and orientation can determine the stress condition of any crack propagation, according to
Eq. (3.4). Figure 3.6 (a) shows the rock model with two cracks of different lengths and
orientations. 𝑙 and 𝑙1 are the length of the long crack and the short crack respectively. 𝛽𝑐 is the
orientation angle of the long crack. 𝜃 is the acute angle measured between the long axes of the two
cracks; 𝜃 is positive when the measurement is in a clockwise direction from the long crack to the
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short crack, and 𝜃 is negative when measurement is in a counterclockwise direction. Therefore,
the orientation angle 𝛽𝑐1 of the short crack is:
min(𝛽𝑐 + 𝜃, 180° − 𝛽𝑐 − 𝜃), 𝜃 ≥ 0
𝛽c1 = {
|𝛽𝑐 + 𝜃|, 𝜃 < 0

(3.6)

The stress condition of the short crack propagation is:
𝜎1 =

2𝜎𝑐𝑟 (𝑙1 /𝑟)−1/2 + 𝜎3 (𝑢𝑐 − 𝑢𝑐 cos 2𝛽𝑐1 + sin 2𝛽𝑐1 )
−𝑢𝑐 − 𝑢𝑐 cos 2𝛽𝑐1 + sin 2𝛽𝑐1

(3.7)

Since the stress condition of the long crack propagation follows Eq. (3.4), the stress condition of
the rock failure is provided by the combination of Eq. (3.4) and Eq. (3.7), and the overall
compressive strength of rock is given by the lower stress of the equations. Figure 3.6 (b) depicts
the failure envelope of the rock model caused by crack propagation when 𝜃 = 90°. The value of
𝜎1 tends to infinity as 𝛽𝑐 equals 0 or 90°. The value of 𝜎1 is finite as 𝛽𝑐 varies from 0 to 90°and
has two local minimum values when 𝛽𝑐 = 45° + 𝜙𝑐 /2 and 𝛽𝑐 = 45° − 𝜙𝑐 /2 . The global
minimum value of 𝜎1 is determined by the length of the long crack, which is the same as Eq. (3.5).

Figure 3.6 (a) Two-dimensional rock model with two cracks under compressive stresses, (b) failure
envelope of rock model caused by crack propagation when 𝜃 = 90°

The above analysis can be applied to the case that rock contains numerous cracks. Figure 3.7
(a) shows the rock model with twelve cracks of different lengths and orientations. 𝛽𝑐 is the
orientation angle of the longest crack of length 𝑙𝑚𝑎𝑥 . The stress condition of any crack propagation
is determined using Eq. (3.4) and Eq. (3.7). Figure 3.7 (b) depicts the failure envelope of the rock
model caused by crack propagation. The overall compressive strength of rock is given by the
lowest failure envelope of the individual failure curves. The value of 𝜎1 is finite as 𝛽𝑐 varies from
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0 to 90°and has several local minimum values. The local minimum values are different due to the
different crack lengths. The length of the longest crack determines the global minimum value. It
is important to note that as the number of cracks increase, the failure envelope is flat, and the
overall compressive strength attains the global minimum value and is isotropic. Therefore, it is
intuitive that the failure criterion of the rock containing numerous cracks is:
2𝜎𝑐𝑟 (𝑙𝑚𝑎𝑥 /𝑟)−1/2 cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
𝜎1 =
1 − sin 𝜙𝑐

(3.8)

where 𝑙𝑚𝑎𝑥 is the length of the longest crack. Eq. (3.8) demonstrates the relation between the
compressive strength and the longest crack length. The compressive strength is lower if the rock
contains longer cracks.

Figure 3.7 (a) Two-dimensional rock model with numerous cracks under compressive stresses, (b) failure
envelope of rock model caused by crack propagation

The analysis of the crack system in rock helps to determine the longest crack length 𝑙𝑚𝑎𝑥 .
Bonnet et al. (2001) summarized that cracks exist on a wide range of lengths from micrometers to
kilometers and their length distribution follows certain scaling laws. They compared different
scaling laws and concluded that the power law accurately models the crack length distribution. If
the crack length distribution follows the power law, the crack number decreases with the increase
in crack length as:
𝑁(𝑙) = 𝐴 ∙ 𝑙 −𝑎 ∙ 𝐷2

(3.9)

where 𝑁(𝑙) is the number of cracks with a length in the range [𝑙, 𝑙 + d𝑙]. 𝐴 is a constant that
determines the density of the crack system. 𝑎 is a positive exponent that controls the relative
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proportion of cracks of different lengths, 𝑎 > 1. 𝐷 is the side length of the two-dimensional rock
model. The crack length has the lower bound 𝑙𝑚𝑖𝑛 and the upper bound 𝑙𝑚𝑎𝑥 . The lower bound
𝑙𝑚𝑖𝑛 is finite as the smallest crack exists at the boundary of the smallest grains, while the upper
bound 𝑙𝑚𝑎𝑥 is infinite since the length distribution is not necessarily bonded to its upper bound
(Itasca Consulting Group, 2019). To find the longest crack length 𝑙𝑚𝑎𝑥 within the rock of size 𝐷,
one must then use the cumulative crack length distribution, which defines the number of cracks
with a length larger than a given value. Since there is no crack with length longer than 𝑙𝑚𝑎𝑥 :
∞

𝐴𝐷2 1−𝑎
𝑁(𝑙)𝑑𝑙 =
𝑙
<1
𝑎 − 1 𝑚𝑎𝑥
𝑙𝑚𝑎𝑥

𝑁(𝑙 > 𝑙𝑚𝑎𝑥 ) = ∫

(3.10)

Therefore:
1

𝑙𝑚𝑎𝑥

𝐴 𝑎−1 2
)
=(
𝐷𝑎−1
𝑎−1

(3.11)

Eq. (3.11) demonstrates the relation between the longest crack length 𝑙𝑚𝑎𝑥 and the rock size 𝐷.
𝑙𝑚𝑎𝑥 increases as the rock size 𝐷 increases, which means larger rock contains larger cracks. Figure
3.8 depicts the power law crack length distribution in a log-log diagram as a demonstration. The
figure presents parameters 𝐴, 𝑎, 𝐷, 𝑙𝑚𝑖𝑛 , 𝑙𝑚𝑎𝑥 , and 𝑁(𝑙 > 𝑙𝑚𝑎𝑥 ) for further clarification.

Figure 3.8 Power-law crack length distribution in a log-log diagram

The relation between the compressive strength and rock size is built by combining Eq. (3.8) and
Eq. (3.11):
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𝜎1 =

1

1
𝐴 −2(𝑎−1) −𝑎−1
)
𝐷
cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
𝑎−1
1 − sin 𝜙𝑐

1
2𝜎𝑐𝑟 𝑟 2 (

=

(3.12)

2𝑐𝑐0 𝐷−𝑘𝑐 cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
1 − sin 𝜙𝑐

where 𝑐𝑐0 is the intrinsic cohesion of rock, 𝑘𝑐 is the scaling constant, and 𝜙𝑐 is the friction angle
of rock. 𝑐𝑐0 = 𝜎𝑐𝑟 𝑟

1/2

𝐴

(𝑎−1)

−

1
2(𝑎−1)

1

and 𝑘𝑐 = 𝑎−1 . Eq. (3.12) demonstrates that the cohesion

decreases as rock size increases while the friction angle is constant. Since the cohesion and friction
angle of rock are measured through the laboratory test of the standard size (50 mm) specimens,
Eq. (3.12) can be transformed into the normalized form:
𝜎1 =

2𝑐𝑐50 (

𝐷 −𝑘𝑐
) cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
50
,
1 − sin 𝜙𝑐
−

𝑐𝑐50 = 𝜎𝑐𝑟 𝑟 1/2 (

2500𝐴
)
𝑎−1

(3.13)

1
2(𝑎−1)

where 𝑐𝑐50 is the cohesion of the rock with the size of 50 mm. Eq. (3.13) is named as the sizedependent Mohr-Coulomb failure criterion. In practice, it is difficult to characterize the crack
system inside rock and calculate the cohesion 𝑐𝑐50, the friction angle 𝜙𝑐 , and the scaling constant
𝑘𝑐 directly. Instead, data fitting of experiment results can estimate 𝑐𝑐50, 𝜙𝑐 , and 𝑘𝑐 .
By setting 𝜎3 = 0, Eq. (3.13) becomes:
𝜎𝑐𝐷 =

2𝑐𝑐50 cos 𝜙𝑐 𝐷 −𝑘𝑐
𝐷 −𝑘𝑐
( )
= 𝜎𝑐50 ( )
1 − sin 𝜙𝑐 50
50

where 𝜎𝑐𝐷 is the UCS of the rock of size 𝐷, and 𝜎𝑐50 is the characteristic UCS of the rock with the
size 50 mm. Figure 3.9 depicts the failure surfaces of the size-dependent Mohr-Coulomb failure
criterion in the principal stress space. The two surfaces have the same 𝑐𝑐50 and 𝜙𝑐 but different 𝑘𝑐 .
The bold line represents the failure curve in the uniaxial compression state.
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Figure 3.9 Failure surfaces of size-dependent Mohr-Coulomb failure criterion in principal stress space

It is interesting to note that there is experimental evidence that supports the size-dependent
Mohr-Coulomb failure criterion. Tani (2001) investigated the size effect of mudstone using the
triaxial compression test and found that the cohesion decreased as the specimen size increased
following 𝑐𝑐𝐷 = 𝑐𝑐50 (𝐷/50)−𝑘𝑐 , with 𝑘𝑐 = 0.5. Kong et al. (2021) investigated the size effect of
sandstone using the direct shear test and determined 𝑘𝑐 = 0.221. Their works showed that the
friction angle was independent of rock size. In addition, numerous empirical analyse have verified
the proposed failure criterion in the uniaxial compression state (the size effect model of UCS).
Mogi (1962) first proposed the size effect model based on data fitting. Hoek and Brown (1980)
analyzed the experimental data in publications and found the value of 𝑘𝑐 is 0.18 for most rocks.
Yoshinaka et al. (2008) summarized more experimental data and concluded that 𝑘𝑐 ranges from
0.1 to 0.3 for hard rock and from 0.3 to 0.9 for soft rock.

3.2.5 Size-dependent and anisotropic Mohr-Coulomb criterion for shale
Figure 3.10 (a) shows the model of shale that contains a set of parallel bedding planes and
randomly distributed cracks. Based on the Jaeger’s model, the failure occurs at the bedding plane
or at the cracks. Thus the failure criterion should be a combination of Eq. (3.2) and Eq. (3.13):
2𝑐𝑤 + 𝜎3 (𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤 )
bedding planes
−𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤
𝜎1 = min
𝐷 −𝑘𝑐
2𝑐𝑐50 ( )
cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
50
cracks
{
1 − sin 𝜙𝑐
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(3.14)

The failure criterion is similar to the modified Mohr-Coulomb criterion (Jaeger 1960) except a size
effect correction (𝐷/50)−𝑘𝑐 is applied to the cohesion of cracks 𝑐𝑐50 . However, the fundamental
assumption is different. In the modified Mohr-Coulomb criterion, the failure occurs along bedding
planes or inside the matrix. In this criterion, the failure occurs along the bedding planes or cracks.
Eq. (3.14) is a function of 𝐷 and 𝛽𝑤 , thus the failure criterion is size-dependent and anisotropic.
However, the size effect and anisotropy will not take effect at the same time. When failure occurs
at the bedding plane, size effect will disappear. This is incorrect since size effect is a universal
phenomenon. The work of Barton (1990) showed that the shear strength of joints decreased as
joint length increased. In addtion, similar results has been reported by Pratt (1974), Cunha (1990),
and Ohnishi and Yoshinaka (1995). Therefore, the strength of bedding planes should also present
the decreasing trend.
Considering the intersection between bedding planes and cracks, it is reasonable to believe
that cracks can prompt failure along bedding planes. Thus, cracks have a damaging effect on the
cohesion of bedding planes and the effect increases with the increase of crack size (rock size).
Based on the assumption, a new form is proposed,
𝐷 −𝑘𝑤
)
+ 𝜎3 (𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤 )
50
−𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤
𝐷 −𝑘𝑐
2𝑐𝑐50 ( )
cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
50
1 − sin 𝜙𝑐

2𝑐𝑤50 (
𝜎1 = min
{

bedding planes
(3.15)
cracks

where a size effect correction (𝐷/50)−𝑘𝑤 is applied to the cohesion of bedding planes 𝑐𝑤50. Eq.
(3.15) is named as the size-dependent and anisotropic Mohr-Coulomb failure criterion. This failure
criterion contains six parameters. The cohesion 𝑐𝑤50 , the friction angle 𝜙𝑤 , and the scaling
exponent 𝑘𝑤 are for bedding planes; the cohesion 𝑐𝑐50 , the friction angle 𝜙𝑐 , and the scaling
exponent 𝑘𝑐 are for cracks. Therefore, one can determine the parameters of the proposed failure
criterion based on the triaxial compression test of different size and different orientation specimens.
Figure 3.10 (b) shows how the model strength varies with 𝐷, 𝛽𝑤 , and 𝜎3 .
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Figure 3.10 (a) Two-dimensional shale model under compressive stresses, (b) failure envelope of shale
model

It is important to note that size-dependent and anisotropic Mohr-Coulomb failure criterion has
same strength when 𝛽𝑤 = 0 or 90°and the strength is linearly dependent on 𝜎3 . This limitation is
originated from Jaeger’s model. Duveau and Shao (1998) provided a solution by using different
cohesion and friction angle values for 𝛽𝑤 = 0 and 90°, and introducing a non-linear friction law.
But the solution will make the strength criterion more complex, since it needs to introduce two
more parameters.

3.2.6 Subsection summary
The theoretical analysis in this subsection outlined the development of the size-dependent and
anisotropic Mohr-Coulomb failure criterion as shown in Eq. (3.15). If anisotropy (bedding planes)
does not exist, the criterion reduces to a size-dependent and isotropic failure criterion as shown in
Eq. (3.13). If size effect (cracks) does not exist, the criterion reduces to a size-independent and
anisotropic failure criterion as shown in Eq. (3.2). If neither anisotropy or size effect exists, the
criterion reduces to the Mohr-Coulomb failure criterion, which is size-independent and isotropic.
Therefore, the proposed failure criterion is general, and it is applicable to the above four cases.
Table 3.1 summarizes the size-dependent and anisotropic Mohr-Coulomb failure criterion and its
applicable conditions.
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Table 3.1 Summary of the size-dependent and anisotropic Mohr-Coulomb failure criterion
Definition

Eq.

Applicable conditions

(3.1)

Size-independent and
isotropic

2𝑐𝑤 + 𝜎3 (𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤 )
−𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤
𝜎1 = min
2𝑐𝑚 cos 𝜙𝑚 + 𝜎3 (1 + sin 𝜙𝑚 )
1 − sin 𝜙𝑚
(
)

(3.2)

Size-independent and
anisotropic

𝐷 −𝑘𝑐
2𝑐𝑐50 ( )
cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
50
𝜎1 =
1 − sin 𝜙𝑐

(3.13)

Size-dependent and
isotropic

𝐷 −𝑘𝑤
2𝑐𝑤50 ( )
+ 𝜎3 (𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤 )
50
−𝑢𝑤 − 𝑢𝑤 cos 2𝛽𝑤 + sin 2𝛽𝑤
𝜎1 = min
𝐷 −𝑘𝑐
2𝑐𝑐50 ( )
cos 𝜙𝑐 + 𝜎3 (1 + sin 𝜙𝑐 )
50
1 − sin 𝜙𝑐
(
)

(3.15)

Size-dependent and
anisotropic

𝜎1 =

3.3

2𝑐𝑚 cos 𝜙𝑚 + 𝜎3 (1 + sin 𝜙𝑚 )
1 − sin 𝜙𝑚

Validation of the proposed failure criterion based on the published data
The development of the size-dependent and anisotropic Mohr-Coulomb failure criterion

simplified the rock as consisting of matrix, cracks, and bedding planes. The matrix was the base
material that is size-independent, while cracks caused the size effect and bedding planes induced
the anisotropy. However, it is impossible to physically dismantle rock into these three components
and assemble them to check their properties. Therefore, it is difficult to verify the failure criterion
through the combination of different components in laboratory experiment. However, it is feasible
to check the applicability of the failure criterion to rock strength considering the different
conditions as stated in Table 3.1. If the failure criterion fits with rock strength data, it partially
validates the failure criterion.
Researchers have used the original Mohr-Coulomb failure criterion and its anisotropic version,
as shown in Eq. (3.1) and (3.2), extensively to fit the strength of rock, when size effect is excluded.
This section covers the application of the failure criterion to the strength of rock considering size
effect. It also discusses applicability to isotropic rocks and anisotropic rocks. Since most published
experimental data cover the UCS of isotropic rocks, this section checked the applicability of these
data separately at first.
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3.3.1 Applicability to the UCS of isotropic rocks
Table 3.2 lists the fitting results of published experimental data on UCS. The value of
𝜎𝑐50 varied from 9.65 to 319.42 MPa. The value of 𝑘𝑐 varied from 0.08 to 0.77, except for one
outlier of magnitude 2.10. This abnormal value is the fitting result of jointed yellow limestone,
which was treated as rock mass. Thus, the UCS decreased from 100 MPa to 4 MPa when size
decreased from around 70 mm to 580 mm. In addition, it must be noted that most 𝑘𝑐 values are
lower than 0.5. The coefficient of determination 𝑅 2 for most datasets is over 0.9; therefore, the
size-dependent Mohr-Coulomb criterion fits the experimental data of UCS. The data fitting figure
of each dataset is provided in Appendix A Experimental data of uniaxial compressive strength.
Following the work of Hoek and Brown (1980), this study reduced the UCS data into
dimensionless forms by dividing the individual values 𝜎𝑐𝐷 by the value 𝜎𝑐50 . Figure 3.11 shows
the influence of specimen size on the 𝜎𝑐𝐷 /𝜎𝑐50 in the dimensionless form. Each point represents
the value of 𝜎𝑐𝐷 /𝜎𝑐50 for the specific rock with a specific size, and the orange line represents the
overall best-fitting line with 𝑘𝑐 = 0.36. The model fits well with the data as 𝑅 2 = 0.76. The
dashed lines with 𝑘𝑐 = 0.08 and 0.77 present the lower bound and the upper bound of 𝑘
respectively. The blue solid line with 𝑘𝑐 = 0.18 represents the fitting result in Hoek and Brown
(1980). The value of 𝑘𝑐 in the present study is different to that in the work of Hoek and Brown.
The cause of this difference is that this research includes a higher number of datasets and some
datasets present rapid decrease in UCS.

Figure 3.11 Fitting result of all the datasets in the dimensionless form
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Table 3.2 Fitting result of the experimental data of UCS
Publications

𝜎𝑐50 (MPa)

𝑘𝑐

𝑅2

Result source

Yamaguchi marble, Mogi (1962)

81.99

0.08

0.768

Figure A. 1

Iron ore, Jahns (1966)

140.54

0.38

0.969

Figure A. 2

Granite, Lundborg (1967)

174.67

0.23

0.875

Figure A. 3

Coal, Bieniawski (1968)

25.23

0.42

0.818

Figure A. 4

Salida granite, Hoskins and Horino (1969)

319.42

0.09

0.858

Figure A. 8

Quartz Diorite, Pratt et al. (1972)

30.95

0.51

0.952

Figure A. 14

Graddiorite, Pratt et al. (1972)

214.39

0.77

0.931

Figure A. 15

Sound siderite, Herget and Unrug (1976)

180.78

0.42

0.981

Figure A. 17

Quartz diorite, Abou-Sayed and Brechtel (1976)

30.78

0.15

0.761

Figure A. 18

Gypsum, Baecher and Einstein (1981)

9.65

0.44

0.973

Figure A. 19

Yellow limestone, Natau et al. (1983)

197.41

2.10

0.981

Figure A. 20

Grey granite, Jackson and Lau (1990)

193.15

0.10

0.744

Figure A. 21

Metadiabase, Panek and Fannon (1992)

189.88

0.38

0.997

Figure A. 22

Ophitic basalt, Panek and Fannon (1992)

176.67

0.09

0.999

Figure A. 23

Intact rock, Simon and Deng (2009)

131.76

0.46

1.000

Figure A. 37

Quartzite, Pierce, Gaida, and DeGagne (2009)

69.78

0.68

0.885

Figure A. 38

Cement mortat, Darlington, Ranjith, and Choi (2011)

71.31

0.08

1.000

Figure A. 39

Coal, Gonzatti et al. (2014)

21.88

0.43

0.988

Figure A. 40

Coal at 0°, Song et al. (2018)

14.69

0.25

0.984

Figure A. 43

Coal at 30°, Song et al. (2018)

12.23

0.24

0.978

Figure A. 44

Coal at 45°, Song et al. (2018)

11.31

0.21

0.981

Figure A. 45

Coal at 60°, Song et al. (2018)

11.25

0.22

0.983

Figure A. 46

Coal at 75°, Song et al. (2018)

12.64

0.25

0.985

Figure A. 47

Coal at 90°, Song et al. (2018)

13.12

0.28

0.984

Figure A. 48

Slate at 0°, Li (2019)

156.33

0.18

0.929

Figure A. 49

Slate at 30°, Li (2019)

122.90

0.27

0.999

Figure A. 50

Slate at 45°, Li (2019)

87.11

0.31

0.927

Figure A. 51

Slate at 60°, Li (2019)

79.06

0.31

0.964

Figure A. 52

Slate at 75°, Li (2019)

95.64

0.29

0.976

Figure A. 53

Slate at 90°, Li (2019)

111.20

0.26

0.954

Figure A. 54

Red sandstone, Kong, Liu, and Lu (2021)

67.52

0.17

0.944

Figure A. 58
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3.3.2 Applicability to the TCS of isotropic rocks
Table 3.3 lists the fitting result of the experimental data of TCS. Singh and Huck (1972)
showed the decreasing trend of the TCS of charcoal black granite; however, their experiment only
tested the granite in two sizes. Therefore, this study does not present their experimental data here.
The fitting picture of each dataset is provided in Appendix B Experimental data of triaxial
compressive strength. The value of 𝜎𝑐50 was calculated according to 𝜎𝑐50 = 2𝑐50 cos 𝜙𝑐 /(1 −
sin 𝜙𝑐 ). 𝜎𝑐50 and 𝑘𝑐 in Table 3.3 are different than those in Table 3.2.The difference is small for
𝜎𝑐50 . The difference is significant for the 𝑘𝑐 in the datasets of slate at 45°, 60°, and 75°. The reason
is that the data fitting of the TCS includes more data. Although the value of 𝑘𝑐 can be estimated
from the UCS of different-sized rock specimens, it requires adjustment to achieve the least sum of
squares of error to fit the TCS. It is interesting to note that the value of 𝑘𝑐 varied as the orientation
angle of slate changed, indicating that the size effect of slate strength is affected by its anisotropy.
The coefficient of determination 𝑅 2 for all the data shows that the size-dependent Mohr-Coulomb
criterion fits the TCS.
Table 3.3 Fitting result of the experimental data of TCS
Publications

𝑐50 (MPa) 𝜙𝑐 (°) 𝜎𝑐50 (MPa)

𝑘𝑐

𝑅2

Result source

Coal, Medhurst and Brown (1998)

9.78

43.48

45.51

0.75 0.979

Figure B. 3

Slate at 0°, Li (2019)

35.71

42.76

163.32

0.16 0.942

Figure B. 5

Slate at 30°, Li (2019)

29.31

39.71

124.88

0.31 0.949

Figure B. 6

Slate at 45°, Li (2019)

23.98

33.72

89.67

0.50 0.921

Figure B. 7

Slate at 60°, Li (2019)

18.93

38.95

79.29

0.53 0.946

Figure B. 8

Slate at 75°, Li (2019)

23.05

39.61

97.99

0.47 0.925

Figure B. 9

Slate at 90°, Li (2019)

23.13

48.49

122.07

0.20 0.968

Figure B. 10
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3.3.3 Applicability to the TCS of anisotropic rocks
The TCS data for anisotropic rock is very limited. There is only one dataset about the TCS of
slate from Li et al. (2021). The dataset is provided in Appendix B Experimental data of triaxial
compressive strength. Figure 3.12 (a) shows the fitting result using Eq. (3.15). Each point
represents the TCS of shale with specific size, orientation, and confining stress. The colored
surface represents the fitting surface. The parameters 𝑐𝑐50, 𝜙𝑐 , and 𝑘𝑐 are 26.96 MPa, 44.10°, and
0.22 respectively. The parameters 𝑐𝑤50 , 𝜙𝑤 , and 𝑘𝑤 are 23.39 MPa, 27.79°, and 0.47 respectively.
The coefficient of determination 𝑅 2 is 0.866. Figure 3.12 (b-g) presents the fitting surface and the
corresponding data points at each confining stress level. The fitting surface is very close to the
datapoints of large specimens. However, the difference is significant for small specimens,
especially in the orientations of 45°, 60°, and 75°, see Figure 3.12 (f) and (g).
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Figure 3.12 Anisotropy and size effect of the TCS of slate and the fitting result
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3.4

Summary
This section proposed the size-dependent and anisotropic Mohr-Coulomb failure criterion. It

assumed that shale consists of shale matrix, bedding planes, and cracks. Shale matrix is isotropic
and size-independent. Bedding planes and cracks causes the anisotropy and size effect of shale
respectively. The Mohr-Coulomb failure criterion is applicable to the strength of shale matrix, and
the anisotropic Mohr-Coulomb failure criterion is applicable to the strength of shale matrix with
bedding planes. This study derived the size-dependent Mohr-Coulomb failure criterion based on
the Griffith theory. The failure criterion is applicable to the strength of shale matrix with cracks.
Next, this section proposed the size-dependent and anisotropic Mohr-Coulomb failure criterion,
which is applicable to the strength of shale.
This section later validated the size-dependent and anisotropic Mohr-Coulomb failure
criterion based on the experimental database from Chapter 2. The applicability of the failure
criterion was validated using the UCS of isotropic rocks, the TCS of isotropic rocks, and the TCS
of anisotropic rocks. The fitting result showed the failure criterion fits well with the experimental
data.
The size-dependent and anisotropic Mohr-Coulomb failure criterion contains six parameters.
The cohesion 𝑐𝑐50, the friction angle 𝜙𝑐 , and the scaling exponent 𝑘𝑐 are for cracks; the cohesion
𝑐𝑤50 , the friction angle 𝜙𝑤 , and the scaling exponent 𝑘𝑐 are for bedding planes. The cohesion of
bedding planes and cracks decreases as rock size increases while the friction angle is constant.
These parameters can be determined based on the triaxial compression test of specimens at
different sizes and different orientations. After determing parameters, the failure criterion can
predict the strength of shale, or other transversely isotropic rocks, at different specimen sizes,
orientations, and confining stresses.
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4 Numerical modeling
4.1

Introduction
The theoretical analysis simplified the structure of shale consisting of shale matrix, bedding

planes, and cracks. In addition, the analysis assumed that shale matrix is isotropic and sizeindependent, and bedding planes and cracks cause the anisotropy and size effect. Based on this
assumption, this dissertation proposed a size-dependent and anisotropic failure criterion. The large
experimental database validated the failure criterion. However, the assumptions require validation
as well as the failure criterion. The validation of the assumptions is impossible to achieve through
laboratory testing. Laboratory experiment cannot separate and combine shale matrix, bedding
planes, and cracks as in the theoretical models. However, these difficulties are easily overcome
using the numerical modeling technique. The challenge of this method is in creating a numerical
model of shale that incorporates both the anisotropy and the size effect caused by bedding planes
and cracks respectively.
The problem in the numerical modeling approach is the inclusion of discontinuities into the
numerical models. Kulatilake (2017) has performed pioneering reseach in using different
numerical methods to generate the rock mass model with discontinuities. Kulatilake (1985) used
the finite element method to generate the two-dimensional rock mass model that contains joints.
This model successfully presents the anisotropy and size effect of rock mass. Kulatilake et al.
(1992, 1993) used the distinct element method to create the two-dimensional and threedimensional rock mass models with joints. They analyzed the influence of joint density, joint size,
and joint orientation on the anisotropy and size effect of rock mass. They further developed the
fracture tensor component to capture the influence of the joint system and incoporated it into an
incrementally linear elastic and orthotropic consititutive model. Kulatilake et al. (2001) used the
bonded-particle model (BPM) to simulate the jointed rock blocks. They used spherical particles to
model both intact rock and joints by assigning different micro-mechanical properties. They also
provided a realistic procedure for calibrating these properties based on the laboratory results. The
BPM method has the ability of simulating large displacement, large rotation, and progressive
failure mechanism when compared with the finite element method and the distinct element method.
In the past decades, the BPM method was upgraded to model intact rock and discontinuities. As
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for intact rock, Potyondy (2012) proposed the flat-joint contact model for modeling the contact
mechanism between bonded particles. This new contact model replicates many microstructural
behaviors of intact rocks. As for minor discontinuities, Poulsen and Adhikary (2013) introduced
cracks by randomly changing the contacts inside the BPM from bonded state to unbonded state.
Their model successfully showed the decreasing trend of UCS. They also found that the large sized
model with high crack density had lower UCS. Zhang et al. (2011) modeled cracks as discrete
fractures, which were generated using the discrete fracture network (DFN) technique. The DFN
technique stochastically generates discrete fractures based on their geometrical characteristics. The
original contact that intersected with the discrete fractures were replaced with the smooth-joint
contact model for simulating the mechanical behavior of cracks. Their model captured the
decreasing trend of UCS. As for major discontinuities, Park and his collegues (2015, 2018) used
the smooth joint model to simulate the bedding planes in gneiss, shale, and schist. The numerical
modeling result corresponded well with the anisotropic behavior of these rocks from laboratory
observations. They also systematically verified the numerical modeling result with analytical
solutions. In summary, the BPM method and its embedded contact models have successfully been
applied to model intact rock, minor discontinuities, and major discontinuities.
The objective of this section is to establish a new BPM for transversely isotropic rock that
incorporates the size effect. The assumption is that bedding planes cause anisotropy, and cracks
cause size effect. The BPM of shale consists of three components: (1) shale matrix modeled by
bonded particles, (2) bedding planes modeled by smooth joints, and (3) cracks modeled by discrete
fractures. This section calibrates these three components in a progressive way. By applying the
developed model, this section investigates the size effect and anisotropy of shale strength.
Moreover, this section uses the strength of BPM models to validate the proposed failure criterion.
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4.2

Modeling technique

4.2.1 Assumptions
Figure 4.1 shows the simplified structure of shale, consisting of shale matrix, bedding planes,
and randomly distributed cracks. Shale matrix is the base material which is isotropic and sizeindependent, while bedding planes and cracks are discontinuities that cause anisotropy and size
effect respectively. The framework of PFC2D can model shale matrix, bedding planes, and cracks
by bonded particles, smooth joints, and discrete fractures respectively. The assembly of bonded
particles, smooth joints, and discrete fractures forms the bonded-particle model of shale (BPMShale).

Figure 4.1 Structure of shale and BPM modelling technique

4.2.2 Modeling of shale matrix
Shale matrix is an assemblage of granular materials jointed by cementing materials (Potyondy
and Cundall, 2004). The BPM method mimics shale matrix through particles connected by
deformable and breakable bonds, as shown in Figure 4.2. The deformation and breakage of the
bonds simulates the mechanical behavior of the shale matrix. PFC2D provides various built-in
contact models for simulating the contact mechanism of bonds (Itasca Consulting Group, 2019).
This study selected the flat-joint model, as it matches the large UCS/DTS ratio and replicates many
microstructural behaviors of rock (Potyondy, 2018). According to Itasca Consulting Group (2019),
the most significant advantage of the flat-joint model is that the bond interface between each pair
of particles can be discretized into elements, with each element being bonded or unbonded as
shown in Figure 4.3. Potyondy (2016) described the detailed mechanical behavior of the flat-joint
model.
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Figure 4.2 Particles (gray balls) with deformable and breakable bonds (black lines)

Figure 4.3 Flat-joint contact (left) and flat-jointed material (right) (Itasca Consulting Group, 2019)

4.2.3 Modeling of bedding planes
Bedding planes often form the major discontinuities of rock and are generally weaker when
compared to the matrix. These bedding planes have lower strength and higher compressibility and
contribute significantly to the anisotropy of shale (Park and Min, 2015). In the bonded-particle
model, smooth joints simulate the mechanical behavior of bedding planes. Bedding planes were
added into the shale matrix by replacing the flat-joint model between particles with the smoothjoint contact model, as shown in Figure 4.4. The smooth-joint model has the advantage in that it
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can overcome the inherent roughness problems of particles (Itasca Consulting Group, 2019). This
model can simulate the behavior of a bedding plane by forcing the contacting surfaces of particles
to align with the plane. Thus, particles that lie on opposite sides of the joint can slide past one
another instead of over-riding one another, as shown in Figure 4.5. Deisman, Ivars, and Pierce
(2008) have provided a detailed description of the smooth-joint model.

Figure 4.4 Bedding planes overlaid on shale matrix (with particles in gray, flat-joint contact in black,
bedding planes in blue, and smooth-joint contacts in aqua)

Figure 4.5 Behavior of smooth-joint contact model (Itasca Consulting Group, 2019)

4.2.4 Modeling of cracks
Council (1996) assumed that cracks are small mechanical breakage inside the rock. The BPM
method models cracks as discrete fractures created using the DFN technique following its
geometrical properties. The required geometrical properties are crack size, density, position, and
orientation. The detailed description of the DFN technique is provided in a report by the Itasca
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Consulting Group (2019). The BPM method models the mechanical behavior of cracks as a broken
matrix. Thus, the flat-joint model used for shale matrix was applied to model cracks. Cracks
inherited the same microparameters of shale matrix, except that the tensile strength and cohesion
were set as 0. Thus, this study created cracks by changing the status of the flat-joint contact at
cracks from bonded to unbonded, as shown in Figure 4.6.

Figure 4.6 Cracks overlaid on shale matrix (with particles in gray, flat-joint bonds in black, cracks in red,
and broken bonds in light blue)

4.3

Model calibration

4.3.1 Calibration procedure
The BPM-Shale contains bonded particles, smooth joints, and discrete fractures. It is
impossible to generate the BPM-Shale directly by calibrating the microparameters of the bonded
particles, smooth joints, and discrete fractures at the same time. Thus, this study calibrated the
three components in a progressive way:
(1) Step 1 generates the BPM of shale matrix (BPM-Matrix) and calibrates it so that the
mechanical properties of the BPM-Matrix match those of shale matrix.
(2) Step 2 creates the BPM of shale matrix with bedding planes (BPM-Bedding) by inserting
smooth joints into the BPM-Matrix. Calibration is performed on the microparameters of
smooth joints so that the BPM-Bedding shows the anisotropic mechanical behavior.
(3) Step 3 creates the BPM of shale matrix with cracks (BPM-Crack) by inserting the discrete
fractures into the BPM-Matrix. Calibration is performed on microparameters of the
discrete fractures so that the BPM-Crack presents the size effect of UCS.
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(4) Step 4 creates the BPM of shale (BPM-Shale) by adding the smooth joints and the discrete
fractures into the BPM-Matrix. The BPM-Shale is used to study the size effect and
anisotropy on the UCS.
Figure 4.7 shows the development procedure and the relationships between the BPM-Matrix,
BPM-Bedding, BPM-Crack, and BPM-Shale.

Figure 4.7 Development procedure and relationships between BPM-Matrix, BPM-Bedding, BPM-Crack,
and BPM-Shale

Without loss of generality, this study calibrated the anisotropic behavior of the model at the
orientation 𝛽 of 0°, 45°, and 90°; it also studied the size effect at the size 𝐷 of 25, 50, 75, 100, 125,
150, and 200 mm. Figure 4.8 shows the model generation schedule of BPM-Matrix, BPMBedding, BPM-Crack, and BPM-Shale.
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Figure 4.8 Schematic view of the model generation schedule

4.3.2 Mechanical properties of BPM models
This study calibrated the microparameters of bonded particles, smooth joints, and discrete
fractures based on the mechanical properties of BPM-Matrix, BPM-Bedding, and BPM-Crack,
respectively. The BPM-Matrix is the intact part of shale, which has the highest deformation
modulus and strength. The deformation modulus and strength of BPM-Bedding are anisotropic
due to the smooth joints. The BPM-Crack shows the size effect of UCS due to the discrete fractures.
It is difficult to derive the mechanical properties of the BPM models based on the experiment result
of shale. Instead, this study set appropriate mechanical properties for the BPM models. This study
asserts that through the calibration of the BPM models, the assembly of bonded particles, smooth
joints, and discrete fractures (BPM-Shale) can closely represent shale specimens in the laboratory.
Table 4.1 lists the mechanical properties of BPM-Matrix and BPM-Bedding at the size of 50
mm. The Young’s modulus and direct tensile strength (DTS) of BPM-Matrix was set 5% higher
than that of the BPM-Bedding with the orientation of 90°, and the UCS of the BPM-Matrix was
set 5% higher than the value of BPM-Bedding with the orientation of 0°. These properties selected
here are an example from Jin et al. (2018). In fact, other set of properties can be used as long as
they can reflect the anisotropy of rock. For BPM-Crack, the UCS was lower than BPM-Matrix,
and it should decrease with the increase of model size.
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Table 4.1 Mechanical properties of BPM-Matrix and BPM-Beddings
Specimen Type

E (GPa)

UCS (MPa)

DTS (MPa)

BPM-Matrix

38.81

64.92

9.12

BPM-Bedding (0°)

16.53

61.82

2.73

BPM-Bedding (45°)

21.18

47.68

4.97

BPM-Bedding (90°)

36.96

57.39

8.69

4.3.3 Calibration setup
This study conducted its model calibration through the uniaxial compression test and the direct
tension test. In the uniaxial compression test, a pair of frictionless grid walls simulated the loading
platens. In the direct tension test, the top and bottom surface particles of the model were fixed to
act as the loading platens. Thus, the uniaxial compression test and direct tension test were
simulated by the movement of loading platen, which was used to apply an axial strain rate that was
slow enough to ensure a quasi-static loading on the model. During the test, the stress was measured
as the wall force divided by the cross-sectional area of specimen, and the strain was measured as
the change of distance between opposing walls (Potyondy, 2019). The Young’s modulus is the
tangent modulus at the stress level which is 50% of the UCS. Figure 4.9 shows the uniaxial
compression and the direct tension test setup, as well as the typical stress-strain curve of the test
result.

Figure 4.9 Typical stress-strain curves of uniaxial compression test and direct tension test
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4.3.4 Calibration result
4.3.4.1 BPM-Matrix
In the BPM-Matrix, particles connected by deformable and breakable bonds mimicked the
structure of shale matrix. The deformation and breakage of the bonds simulated the mechanical
behavior of the shale matrix. The BPM-Matrix was calibrated through the uniaxial compression
test and the direct tension test. After calibration, the Young’s modulus, UCS, and DTS were 38.79
GPa, 64.89 MPa, and 8.99 MPa respectively. The mechanical properties of BPM-Matrix agree
with those in Table 4.1. Table 4.2 lists the determined microparameters of BPM-Matrix.
Table 4.2 Microparameters properties of the BPM-Matrix
Microparameter*

Value

Common group:
𝛼, 𝐶𝛼 , 𝜌𝑣 [kg/m3]

0.7, 1, 2558
0, 0, {1.0, 1.6, 1.0}, 1.0

𝑆𝑔 , 𝑇𝑆𝐷 , {𝐷{𝑙,𝑢} [mm], ϕ}, 𝐷𝑚𝑢𝑙𝑡
Packing group:
𝑃𝑚 [MPa], 𝜀𝑃 , 𝜀𝑙𝑖𝑚 , 𝑛𝑙𝑖𝑚

30, 1×10-2, 8×10-3, 2×106

𝐶𝑃 , 𝑛𝑐

1, 0.08

Flat-jointed material group:
𝐶𝑀𝑆 , g 𝑖 [mm], 𝜙𝐵 , 𝜙𝐺 , (g 𝑜 ){𝑚,𝑠𝑑} [mm], [𝑁𝑟 , 𝑁α ]
{𝐶𝜆 , 𝜆𝑣 }, 𝐸 ∗ [GPa], 𝜅 ∗ , μ
(σ𝑐 ){𝑚,𝑠𝑑} [MPa], (𝑐){𝑚,𝑠𝑑} [MPa], ϕ[degrees]

False, 0.15, 1, 0, {0, 0}, 2
{0, 1}, 45, 3.6, 0.4
{13.8, 0}, {37, 0}, 30

Linear material group:
𝐸𝑛∗ [GPa], 𝜅𝑛∗ , 𝜇𝑛

45, 3.6, 0.4

* Microparameters are defined in Potyondy (2019)

It is important to note that this study calibrated the BPM-Matrix at the size of 50 mm. To
check the size independence on its UCS, the BPM-Matrix was scaled to the sizes of 25, 75, 100,
125, 150, and 200 mm. Figure 4.10 (a) shows the matrix model at the sizes of 25, 50, and 75 mm
as a demonstration. Figure 4.10 (b) compares the stress-strain curves of the matrix models at sizes
from 25 mm to 200 mm. The value of Young’s modulus and UCS varied as the model size changed.
However, the variation was very small. In general, the mechanical properties of BPM-Matrix are
independent of model size.
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Figure 4.10 (a) BPM-Matrix of size 25, 50, and 75 mm, (b) stress-strain curves of BPM-Matrix at sizes
from 25 mm to 200 mm

It is important to note the randomness of generating particles. This randomness causes the
packing arrangement of particles which vary with the change in the model size and leads to
variation of mechanical properties. To eliminate the influence of randomness, this study created
10 realizations for each model size by varying the random seed from 10001 to 10010, then used
the average value of the 10 realizations for analyzing the size effect on the UCS. Thus, there were
7 differently sized models and their 10 realizations. Figure 4.11 shows the uniaxial compression
test results of the BPM-Matrix: (a) variation of the mean and standard deviation of UCS with
model sizes, and (b) displacement magnitude of failed BPM-Matrix of 50, 100, and 150 mm at
random seed 10001. The UCS data of BPM-Matrix can be found in Table C. 1 of Appendix C
Numerical modeling data of compressive strength. In Figure 4.11 (a), the length of the vertical
error bar is the standard deviation, which also indicates the dispersion of data. The dispersion of
UCS exhibited no clear change with increasing model size. The average value of UCS was almost
independent of model size, except for the small difference at 25 mm. Figure 4.11 (b) presents the
displacement of particles in the grayscale image, where the darkness represents the displacement
magnitude. The difference in darkness indicates the relative shear displacement along a plane,
where the failure occurs. The failure pattern was oblique shear, and it was independent of model
size. Figure 4.12 compares the failure mode for the 100 mm BPM-Matrix at random seed from
10001 to 10005. This figure shows that all the models presented the oblique shear failure pattern,
though the failure location varied. The similarity of failure mode at different random seed applied
to other-size models, though only the 100 mm BPM-Matrix was presented here as an example. In
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summary, the failure pattern of BPM-Matrix is oblique shear, it is independent of model size, and
the influence of random seed is limited.

Figure 4.11 Uniaxial compression test results of the BPM-Matrix: (a) variation of the mean and standard
deviation of UCS with different model sizes, (b) displacement magnitude of failed models of 50, 100, and
150 mm at random seed 1

Figure 4.12 Failure mode comparison for the 100 mm BPM-Matrix at random seed from 10001 to 10005
(from left to right)

4.3.4.2 BPM-Bedding
In the BPM-Bedding, this study modeled bedding planes using smooth joints, which were
added by replacing the flat-joint model between particles with the smooth-joint contact model. The
smooth-joint model simulated the mechanical behavior of linear elastic and bonded interface. The
BPM-Bedding was calibrated for the orientations of 0, 45, and 90°. Table 4.3 presents the
determined microparameters of the smooth joints model. Figure 4.13 (a) shows the 50 mm BPMMatrix and BPM-Bedding model at the orientations of 0, 45, and 90°as a demonstration. Figure
4.13 (b) compares the stress-strain curves of BPM-Bedding and BPM-Matrix. The Young’s
modulus, UCS, and DTS of BPM-Bedding at the orientation of 0°(BPM-Bedding-0) were 16.46
GPa, 61.47 MPa, and 2.78 MPa respectively. The Young’s modulus, UCS, and DTS of BPMBedding-45 were 22.42 GPa, 47.90 MPa, and 4.59 MPa respectively. The Young’s modulus, UCS,
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and DTS of BPM-Bedding-90 were 36.37 GPa, 54.20 MPa, and 8.71 MPa respectively. In general,
the mechanical properties of BPM-Bedding match well with those in Table 4.1.
Table 4.3 Microparameters of the smooth joint model
Normal
stiffness
(GPa/m)

Shear
stiffness
(GPa/m)

Friction
coefficient

Friction
angle
(°)

Tensile
strength
(MPa)

Cohesion
(MPa)

Spacing
(mm)

1750

1750

0.4

30

2.2

13.5

10

Figure 4.13 (a) 50 mm BPM-Bedding at orientations 0, 45, and 90°, (b) stress-strain curves of BPMMatrix and BPM-Bedding at orientations 0, 45, and 90°

The BPM-Bedding models were scaled to the sizes of 25, 75, 100, 125, 150, and 200 mm to
check the size independence. This study created 10 realizations for each model of the specific size
and orientation. Figure 4.14 shows the uniaxial compression test results of the BPM-Bedding: (a)
variation of UCS with model sizes and orientation, (b) displacement magnitude of failed BPMBedding-0 at random seed 10001, (c) displacement magnitude of failed BPM-Bedding-45 at
random seed 10001, and (d) displacement magnitude of failed BPM-Bedding-90 at random seed
10001. The UCS data of BPM-Bedding is listed in Table C. 5-7 in Appendix C Numerical
modeling data of compressive strength. From Figure 4.14 (a), there was no observable change
in the UCS dispersion with the increase in the model size at various orientations. The average
value of UCS was dependent on the orientation but independent of the model size. The UCS was
at its maximum when 𝛽 = 0°, medium when 𝛽 = 90°, and minimum when 𝛽 = 45°. As shown in
Figure 4.14 (b)-(d), the displacement magnitude of the failed BPM-Bedding demonstrates that the
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failure pattern was dependent on the orientation of the bedding plane. When 𝛽 = 0°, the failure
pattern of BPM-Bedding was similar to the BPM-Matrix. The results showed the oblique shear
failure inside shale matrix and across the bedding planes. When 𝛽 = 45°, relative displacement
occurred at the bedding planes, which indicates the shear failure along bedding planes. When 𝛽 =
90°, the failure pattern was tensile splitting along bedding planes. Figure 4.15 compares the failure
mode for the 100 mm BPM-Bedding-0, BPM-Bedding-45, and BPM-Bedding-90 at random seed
from 10001 to 10005. Regarding the change of random seed, the BPM-Bedding-0 showed the
oblique shear failure inside shale matrix, the BPM-Bedding-45 showed the shear failure along
bedding planes, and the BPM-Bedding-90 showed the tensile splitting along bedding planes. In
summary, the failure pattern of BPM-Bedding is affected by the orientation and is independent of
the model size. The influence of the random seed is limited.

Figure 4.14 Uniaxial compression test results of the BPM-Bedding: (a) variation of the mean and standard
deviation of UCS with different model sizes and orientations, (b) displacement magnitude of failed BPMBedding-0 at random seed 10001, (c) displacement magnitude of failed BPM-Bedding-45 at random seed
10001, (d) displacement magnitude of failed BPM-Bedding-90 at random seed 10001
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Figure 4.15 Failure mode comparison for the 100 mm BPM-Bedding-0, BPM-Bedding-45, and BPMBedding-90 at random seed from 10001 to 10005 (from left to right)

4.3.4.3 BPM-Crack
This study modeled cracks using discrete fractures, whose mechanical behavior was simulated
as broken shale matrix. Thus, cracks inherited the same microparameters of shale matrix except
that the tensile strength and cohesion were set as 0. The discrete fractures were generated using
the DFN technique based on the geometrical properties of cracks such as position, orientation, size,
and density. As discussed in Section 3.2.3, the position and orientation of cracks were randomly
distributed. The relation between crack size and density followed the power law distribution,
𝑛(𝑙) = 𝐴 × 𝑙 −𝑎 , where 𝑙 is the crack size, 𝑛(𝑙) is the number of cracks with the size in the range
[𝑙, 𝑙 + 𝑑𝑙], 𝐴 is the density constant, and 𝑎 is the scaling exponent. The size distribution of cracks
is between the lower bound 𝑙𝑚𝑖𝑛 and upper bound 𝑙𝑚𝑎𝑥 . In this study, the value of 𝑙𝑚𝑖𝑛 was set as
the smallest size of particles, since the smallest crack exists at the boundary of the smallest particles.
The value of 𝑙𝑚𝑎𝑥 changed with the model size, which indicates that the larger model is more
likely to contain large cracks. In fact, the upper bound 𝑙𝑚𝑎𝑥 can be infinite since the length
distribution is not necessarily bonded to its upper bound. The density constant 𝐴 and the scaling
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exponent 𝑎 were adjusted so that the BPM-Crack showed the size effect on UCS. Table 4.4 shows
the determined parameters of the power-law distribution of crack size and density after calibration.
Table 4.4 Geometric properties of cracks
Parameter

Position

Orientation

Value

Uniform

Uniform

Power-law length distribution
𝐴

𝑎

𝑙𝑚𝑖𝑛 [mm]

0.05

3

1

Figure 4.16 compares the calibration result of BPM-Crack at different sizes and adds the
result of BPM-Matrix for the convenience of comparison. This figure showed that the introduction
of cracks decreased the Young’s modulus, UCS, and DTS. Furthermore, the value of Young’s
modulus, UCS, and DTS decreased as the model size increased in the general case. The trend was
not strictly applied in the cases of 25, 50, and 200 mm. The cause of this anomaly was the
randomness of generating cracks. To avoid this anomaly, the average value of 10 realizations was
used to study the size effect.

Figure 4.16 (a) BPM-Crack of size 25, 50, and 75 mm, (b) stress-strain curves of 50 mm BPM-Matrix and
BPM-Crack at sizes from 25 mm to 200 mm

This study created 10 realizations for each model of the specific size and orientation. Figure
4.17 shows the uniaxial compression test results of the BPM-Crack: (a) variation of UCS with
model sizes, and (b) displacement magnitude of failed BPM-Crack of 50, 100, and 150 mm at
random seed 10001. The UCS data of BPM-Crack is provided in Table C. 8 in Appendix C
Numerical modeling data of compressive strength. From Figure 4.17 (a), the dispersion of the
UCS of BPM-Crack was much more prominent than those of BPM-Matrix and BPM-Bedding.
Unlike the constant dispersion in BPM-Matrix and BPM-Bedding, the dispersion in BPM-Crack
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decreased with the increase of model size. This is due to the change of random seed that alters the
configuration of cracks as shown in Figure 4.18. When the model size is small and contains only
a few cracks, the UCS varies considerably when the random seed changes. As the model size
increases to contain more cracks, the model becomes more homogeneous regarding the
configuration of cracks. Therefore, the UCS variability decreases as model size increases. More
important, the result clearly showed the decreasing trend of the UCS. The average value of UCS
decreased from around 45 MPa to 30 MPa when the model size increased from 25 mm to 200 mm,
and the decreasing rate of UCS diminished as model size increased. According to Figure 4.17 (b),
the cracks affected the displacement magnitude of failed BPM-Crack. The relative shear
displacement occurred around the crack and caused localized failure. Moreover, the localized
failure initialized the tensile fissure. The localized failure and tensile fissure were close the largest
crack, which demonstrates that larger cracks have a higher influence. As a larger model is more
likely to contain larger cracks, it has lower UCS. However, the crack length is restricted by the
power law distribution, as the crack number 𝑛(𝑙) decreases very rapidly when the crack length 𝑙
increases. When the model size increases to a certain size (125 mm here), the increase of the size
of large cracks becomes negligible and the decrease rate of UCS diminishes. It is important to note
that all the models present the oblique shear regardless of the size, though the cracks can cause
small tensile fissures. Figure 4.18 compares the failure mode for the 100 mm BPM-Crack at
random seed from 10001 to 10005. It showed that the change of random seed affected the crack
configuration, leading to different locations of the tensile fissure. In summary, the failure pattern
of BPM-Crack is shear oblique and it is independent of model size. The localized failure and tensile
fissure increase with model size, and they are affected by random seed.
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Figure 4.17 Uniaxial compression test results of the BPM-Crack: (a) variation of the mean and standard
deviation of UCS with different model sizes, (b) displacement magnitude of failed models of 50, 100, and
150 mm at random seed 10001

Figure 4.18 Failure mode comparison for the 100 mm BPM-Crack at random seed from 10001 to 10005
(from left to right)

4.3.4.4 BPM-Shale
This study created the BPM-Shale using an assembly of bonded particles, smooth joints, and
discrete fractures. There were three different orientations (0, 45, and 90°) and seven different sizes
(25, 75, 100, 125, 150, and 200 mm) for the models of BPM-Shale. Figure 4.19 (a) shows the 50
mm BPM-Shale model at orientations of 0, 45, and 90°. Figure 4.19 (b) compares the stress-strain
curves of 50mm BPM-Shale at orientations of 0, 45, and 90°. This figure showed that the Young’s
modulus and UCS of 50 mm BPM-Shale was anisotropic. The Young’s modulus increased with
the increase of orientation angle. The UCS was at its maximum when 𝛽 = 0°, medium when 𝛽 =
90°, and minimum when 𝛽 = 45°. The anisotropic behavior was the same as that of BPM-Bedding.
Figure 4.20 (a) shows the BPM-Shale-45 at sizes of 25, 50, and 75mm as a demonstration. Figure
4.20 (b) compares the stress-strain curves of BPM-Shale at sizes from 25 mm to 200 mm. The
Young’s modulus and UCS of BPM-Shale-45 decreased as the model size increased in the general
case. The reduction of Young’s modulus was small, but the decrease of UCS was significant. The
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decreasing trend was not observed in all the model sizes due to the randomness of generating
cracks. Therefore, the size effect of BPM Shale is the same as that of BPM-Crack. The BPM-Shale
inherits anisotropy from BPM-Bedding and size effect from BPM-Crack.

Figure 4.19 (a) 50 mm BPM-Shale at orientations 0, 45, and 90°, (b) stress-strain curves of BPM-Shale at
orientations 0, 45, and 90°

Figure 4.20 (a) BPM-Shale-45 at sizes 25, 50, and 75 mm, (b) stress-strain curves of BPM-Shale-45 at
sizes from 25 mm to 200 mm

This study created 10 realizations for each BPM-Shale model of the specific size and
orientation. Figure 4.21 shows the uniaxial compression test results of the BPM-Shale: (a)
variation of UCS with model sizes and orientations, (b) displacement magnitude of failed BPMShale-0 at random seed 10001, (c) displacement magnitude of failed BPM-Shale-45 at random
seed 10001, and (d) displacement magnitude of failed BPM-Shale-90 at random seed 10001. The
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UCS data of BPM-Shale can be found in Table C. 12, Table C. 24, and Table C. 36 of Appendix
C Numerical modeling data of compressive strength. From Figure 4.21 (a), the dispersion of
the UCS of BPM-Shale was very close to that of BPM-Crack. The dispersion was significantly
more prominent than those of BPM-Matrix and BPM-Bedding. Moreover, the dispersion in BPMShale decreased with the increase of model size. The change of dispersion was like that of BPMCrack but different than those of BPM-Matrix and BPM-Bedding. The significant dispersion of
UCS and its change was caused by the randomness of crack distribution. It is evident that the
average UCS was size-dependent and anisotropic. The maximum, medium, and minimum UCS at
each size occurs when 𝛽 was 0°, 90°, and 45°, respectively. The average UCS at the three
orientations decreased when the model size increased from 25 mm to 200 mm and the rate of
decrease diminished.
As shown in Figure 4.21 (b)-(d), the displacement magnitude of failed BPM-Shale
demonstrated that the failure pattern is dependent on the orientation and the model size. The
general failure pattern of BPM-Shale was similar to that of BPM-Bedding. When 𝛽 = 0°, the
oblique shear failure was across the bedding planes. When 𝛽 = 45°, the shear failure was along
bedding planes. When 𝛽 = 90°, the tensile failure occurred along the bedding planes. However,
the existence of cracks caused the localized failure, since the relative shear displacement tended to
occur at the cracks. Moreover, the localized failure led to the development of the tensile failure.
The influence of cracks was more significant in larger models as they might include larger cracks.
Figure 4.22 compares the failure mode for the 100 mm BPM-Shale-0, BPM-Shale-45, and BPMShale-90 at random seed from 10001 to 10005. This figure showed that the change of random seed
affected the crack configuration, leading to different locations of the tensile fissure. However, the
general failure pattern is dependent on the orientation of bedding planes.
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Figure 4.21 Uniaxial compression test results of the BPM-Shale: (a) variation of the mean and standard
deviation of UCS with different model sizes and orientations, (b) displacement magnitude of failed BPMShale-0 at random seed 10001, (c) displacement magnitude of failed BPM-Shale-45 at random seed
10001, (d) displacement magnitude of failed BPM-Shale-90 at random seed 10001

Figure 4.22 Failure mode comparison for the 100 mm BPM-Shale-0, BPM-Shale-45, and BPM-Shale-90
at random seed from 10001 to 10005 (from left to right)
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4.3.4.5 Comparison of BPM models
To further analyze the influence of bedding planes and cracks on the average UCS of BPMShale, Figure 4.23 presents the results of BPM-Matrix, BPM-Crack, and BPM-Shale. The
transformation assumed that the influences of bedding planes and cracks were additive. The
influence of cracks (the deterioration rate 𝐷𝑐𝑟𝑎𝑐𝑘 ) was expressed as the relative decrease of UCS
after the cracks were introduced, 𝐷𝑐𝑟𝑎𝑐𝑘 = (UCS of BPM-Matrix − UCS of BPM-Crack) / UCS of
BPM-Matrix. Correspondingly, the influence of bedding planes (the deterioration rate of cracks
𝐷𝐵𝑒𝑑𝑑𝑖𝑛𝑔 ) was expressed as 𝐷𝑏𝑒𝑑𝑑𝑖𝑛𝑔 = (UCS of BPM-Crack − UCS of BPM-Shale) / UCS of
BPM-Matrix. As shown in Figure 4.23, the deterioration rate 𝐷𝑐𝑟𝑎𝑐𝑘 was much higher than
𝐷𝐵𝑒𝑑𝑑𝑖𝑛𝑔 . Moreover, 𝐷𝑐𝑟𝑎𝑐𝑘 increased from 37% to 58% as the model size increased from 25 to
125 mm, and it maintained around 58% from 125 to 200 mm. Therefore, the influence of cracks
increases with model size and the increase rate diminishes above 125 mm. However, 𝐷𝐵𝑒𝑑𝑑𝑖𝑛𝑔 was
relatively stable with the increase in model size, except for at the size of 25 mm. This anomaly
might be due to the large dispersion for small size models. When 𝛽 = 0°, 𝐷𝐵𝑒𝑑𝑑𝑖𝑛𝑔 decreased from
9% to 5% as model size increased from 50 to 200 mm. When 𝛽 = 45°, 𝐷𝐵𝑒𝑑𝑑𝑖𝑛𝑔 was around 14%
for all sizes. When 𝛽 = 90°, 𝐷𝐵𝑒𝑑𝑑𝑖𝑛𝑔 was around 11% as the model size increased from 50 to 200
mm. Therefore, bedding planes have a higher influence when the orientation is 45°. The influence
is lesser when the orientation is 90°and least when the orientation is 0°.

Figure 4.23 Influences of cracks and bedding planes on the UCS of the BPM models
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Figure 4.24 compares the influences of cracks and bedding planes on the displacement
magnitude of the failed BPM models at the size of 100 mm. At the top left corner of BPM-Matrix,
there was no fracture. At the same location of BPM-Crack and BPM-Bedding-0, a fracture
occurred due to the cracks and bedding planes respectively. When the cracks and bedding planes
coexisted in BPM-Shale-0, the fracture was much larger in size. In addition, its shape was also
related to the position of cracks and bedding planes. This result demonstrates that both the cracks
and bedding planes contribute to the development of fracutre inside BPM-Shale-0. However, the
amount of their contributions is indistinguishable.

Figure 4.24 Influences of cracks and bedding planes on the displacement magnitude of the failed BPM
models at the size of 100 mm and random seed 10001

4.3.5 Extension of BPM-Shale to other orientation angles
The BPM-shale was calibrated at three orientation angles 𝛽 = 0, 45, and 90°. To investigate
the anisotropy of the UCS of BPM-Shale, this study then created the BPM-Shale at 15, 30, 60, and
75°. Each of the models has 10 realizations to eliminate the randomness of packing arrangement
and crack distribution. Figure 4.25 shows all the generated BPM-Shale of sizes from 25 mm to
200 mm and of orientations from 0°to 90°.
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Figure 4.25 Schematic view of the BPM-Shale at different orientations and different sizes

Figure 4.26 shows the average UCS of BPM-Shale at seven orientations (including 0, 45, and
90°). The UCS data of BPM-Shale can be found in Table C. 12, Table C. 16, Table C. 20, Table
C. 24, Table C. 28, Table C. 32, and Table C. 36 of Appendix C Numerical modeling data of
compressive strength. The UCS for each model size exhibited the “U-shaped” curve against the
orientation angle. The BPM-Shale had the maximum UCS when 𝛽 is around 0°, and the minimum
UCS at 𝛽 = 60°. In addition, the UCS showed the decreasing trend in all the orientation angles,
and the decrease rate diminished. It is concluded that the anisotropy and size effect coexist when
the model size is small, and the size effect disappears when the model size reaches a certain size
(125 mm here). The reason is for this conclusion is that a larger model contains more cracks, and
therefore is statistically homogeneous with respect to the influence of cracks. The size-dependent
and anisotropic UCS of BPM-Shale follows the same trend in the experimental result of the
transversely isotropic rock slate (Li et al., 2021).
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Figure 4.26 Anisotropy and size effect in the UCS of BPM-Shale

4.4

Validation of the proposed failure criterion based on the numerical data
To validate the size-dependent and anisotropic Mohr-Coulomb failure criterion, both the UCS

and TCS of the calibrated models need to be obtained. This subsection tested the BPM-Matrix,
BPM-Crack, and BPM-Shale in the triaxial compression test. Figure 4.27 compares the setup of
the triaxial compression test with the uniaxial compression test. In the triaxial compression test,
another pair of frictionless grid walls apply a constant confining stress. The confining stress 𝜎3
was set as 3, 5, and 10 MPa. The strength data of these models could then validate the sizedependent and anisotropic Mohr-Coulomb failure criterion.

Figure 4.27 Setup of the uniaxial compression and triaxial compression test

4.4.1 Applicability to the TCS of BPM-Matrix
Figure 4.28 presents the average compressive strength of the models of BPM-Matrix. The
strength data is provided in Table C. 1-4 of Appendix C Numerical modeling data of
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compressive strength. The result showed that the compressive strength of BPM-Matrix increased
as the confining stress increased, and the compressive strength varied little with the increase of
model size. Therefore, the compressive strength of BPM-Matrix is size-independent at different
confining stresses.

Figure 4.28 Compressive strength results of BPM-Matrix

Figure 4.29 shows the fitting result of the compressive strength of BPM-Matrix using Eq.
(3.1). Each dot represents the average strength of the 10 realizations, and the wireframe represents
the best fitting failure surface. The cohesion 𝑐𝑚 and friction angle 𝜙𝑚 were 16.98 MPa and 37.36°,
and the coefficient of determination was 𝑅 2 = 0.979. Therefore, the failure criterion fits well with
the compressive strength.

Figure 4.29 Fitting result of the compressive strength of BPM-Matrix
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4.4.2 Applicability to the TCS of BPM-Crack
Figure 4.30 presents the average compressive strength of the models of BPM-Crack. The
strength data can be found in Table C. 8-11 of Appendix C Numerical modeling data of
compressive strength. The result showed that the compressive strength of BPM-Crack increased
as the confining stress increased, and the compressive strength decreased significantly with the
increases of model size. Therefore, the compressive strength of BPM-Crack shows the decreasing
trend at different confining stresses.

Figure 4.30 Compressive strength results of BPM-Crack

Figure 4.31 shows the fitting result of the compressive strength of BPM-Crack using Eq.
(3.13). The cohesion 𝑐𝑐50 and friction angle 𝜙𝑐 were 11.76 MPa and 30.44°, the scaling constant
was 𝑘𝑐 = 0.24 , and the coefficient of determination was 𝑅 2 = 0.947 . Therefore, the failure
criterion fits well with the compressive strength. Comparing this result with the fitting result of
BPM-Matrix, the introduction of cracks decreases the cohesion and friction angle, and increases
the scaling constant.
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Figure 4.31 Fitting result of the compressive strength of BPM-Crack

4.4.3 Applicability to the TCS of BPM-Shale
Figure 4.32 presents the average compressive strength of the models of BPM-Shale. The
strength data can be found in Table C. 12-39 of Appendix C Numerical modeling data of
compressive strength. The compressive strength exhibited the “U-shaped” curve against the
orientation angle at different model sizes and different confining stresses. The BPM-Shale had the
maximum strength at 𝛽 = 0°, the second largest at 𝛽 = 90°, and the minimum at 𝛽 = 60°. In
addition, the UCS showed the decreasing trend in all orientation angles, and the decrease rate
diminished. Therefore, the compressive strength of BPM-Shale shows anisotropy and size effect
at different confining stresses.
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Figure 4.32 Compressive strength results of BPM-Shale

Figure 4.33 shows the fitting result of the compressive strength of BPM-Shale using Eq.
(3.15). The cohesion 𝑐𝑐50 , the friction angle 𝜙𝑐 , and the scaling exponent 𝑘𝑐 were 10.58 MPa,
26.34°, and 0.21 respectively; the cohesion 𝑐𝑤50 , the friction angle 𝜙𝑤 (or the friction coefficient
𝑢𝑤 , 𝑢𝑤 = tan 𝜙𝑤 ), and the scaling exponent 𝑘𝑤 were 7.80 MPa, 15.96°, and 0.26 respectively;
the coefficient of determination was 𝑅 2 = 0.810. Therefore, the failure criterion fits well with the
compressive strength of BPM-Shale.
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Figure 4.33 Fitting result of the compressive strength of BPM-Shale
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4.5

Summary
This section proposed a new size-dependent and anisotropic BPM model for studying the size

effect of transversely isotropic rocks. The BPM-Shale contained shale matrix, bedding planes, and
cracks that were modeled by bonded particles, smooth joints, and discrete fractures. This study
proposed a progressive part method to calibrate the bonded particles, smooth joints, and discrete
fractures. The strength of BPM-Shale exhibited the “U-shaped” curve against the orientation angle
and the decreasing trend of strength with the increase of size. The numerical result matched with
the experimental result. The proposed model and its calibration procedure are applicable to other
transversely isotropic rocks for studying the size effect and anisotropy.
This section used the BPM models to validate the assumptions in Sections 3.2.1 and 4.2.1 that
shale matrix is isotropic and size-independent, and bedding planes and cracks cause anisotropy
and size effect respectively. The UCS of BPM-Matrix was isotropic and size-independent. After
the introduction of bedding planes, the UCS of BPM-Bedding became anisotropic; after the
introduction of cracks, the UCS of BPM-Crack became size-dependent. When both bedding planes
and cracks were introduced, the UCS of BPM-Shale became anisotropic and size-dependent.
This section used the BPM models to validate the proposed failure criteria. It checked the
applicability of the failure criterion to the BPM models. The Mohr-Coulomb criterion fits well
with the strength of BPM-Matrix. The size-dependent Mohr-Coulomb criterion fits well with the
strength of BPM-Crack. The size-dependent and anisotropic Mohr-Coulomb criterion fits well
with the strength of BPM-Shale.

84

5 Laboratory experiment
5.1

Introduction
The theoretical analysis and numerical modeling were conducted on the two-dimensional

shale model. The underlying assumption was that the failure is controlled by the maximum and
minimum principal stresses 𝜎1 and 𝜎3 , and the orientation 𝛽 . Therefore, the proposed failure
criterion and bonded-particle model neglects the influence of the intermediate principal stress 𝜎2
and the foliation direction 𝜔, which are noticeable in the three-dimension space, as shown in
Figure 5.1. Kwaśniewski (2012) had proved that the strength of transversely isotropic rocks is
affected by 𝜎2 and 𝜔 through true-triaxial compression test. He found that the increase of 𝜎2
increases the strength and the effect of 𝜎2 depends on 𝜔. Therefore, it is necessary to check the
influence of 𝜎2 and 𝜔 in this laboratory experiment.

Figure 5.1 Comparison of two-dimensional shale models and three-dimensional shale specimen

This laboratory experiment aims to study the size effect and anisotropy of shale strength, as
well as investigate the influence of 𝜎2 and 𝜔. To achieve this goal, the prepared specimens need
to have different 𝐷, 𝛽, and 𝜔. In addition, the compression test machine should be capable of
providing triaxial stress and testing different size specimens. The conventional triaxial
compression test machine cannot fulfill this requirement, since the specimen shape is cylinder and
the stress condition is (𝜎1 > 𝜎2 = 𝜎3 ). Therefore, it is impossible to tell the effect of 𝜎2 and 𝜔
from the test results. The true-triaxial compression test machine meets this requirement. However,
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the design and fabrication of this machine for testing different-sized specimen is beyond the
financial scope of this research project.
To overcome this problem, this study used a new polyaxial (uniaxial, biaxial and triaxial)
compression test setup. This setup was first designed by the rock mechanics group in WVU to
achieve a pseudo triaxial compressive stress state (Arora and Mishra, 2015; Garg, 2018). It was
modified in current research to perform the polyaxial compression test on shale specimens of
different 𝐷, 𝛽, and 𝜔.

5.2

Compression test setup

5.2.1 Uniaxial compression test setup
Figure 5.2 shows the uniaxial compression test machine. It is a completely integrated testing
system that includes the load unit, test control, and test accessory options. The load unit consists
of the load frame, hydraulic actuator, and load platens. Load is applied by the upward movement
of the lower platen, which is controlled by the hydraulic actuator. In addition, a linear variable
differential transformer (LVDT) is placed inside the hydraulic actuator to measure the
displacement of lower platen. The test controller consists of a data acquisition system and a
standalone software called MPT (Multi-purpose Test software) in a computer. The MPT allows
users to set a pre-defined value for force or displacement rate to the hydraulic actuator.
Furthermore, the MPT provides a graphic interface that presents the load and displacement results
during the test.
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Figure 5.2 Uniaxial compression test machine and its components (1) Load frame (2) Hydraulic actuator
(3) Upper load platen (4) Lower load platen (5) Data acquisition system (6) Computer

It is important to note that the original load platens are designed for cylindrical specimens. As
a result, the platen surfaces contain circular grooves of different diameters, as shown in Figure
5.2. However, the specimens used in this research are cubic. The unmatched contact between cubic
specimens and the circular groves could cause non-uniform stress distribution. To solve this
problem, a new pair of loading platens with flat surfaces was designed. Figure 5.3 shows the setup
of the uniaxial compression test using the new loading platens. The new lower platen is placed
directly on the top of original lower platen. The new upper platen is connected to the original upper
platen using a mounting plate. To maintain stress uniformity and reduce the end effect, cardboard
is used at the interface between platen and specimen (Garg, 2018).
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Figure 5.3 Uniaxial compression test setup for 25.4, 50.8, and 76.2 mm specimens

5.2.2 Biaxial compression test setup
Figure 5.4 shows the setup of the biaxial compression test using the two biaxial platens. The
upper biaxial platen is attached to the original platen using the mounting plate, while the lower
biaxial platen is placed directly on the original platen. Each biaxial platen consists of two arms
that apply load to the two faces of the cubic specimen. Therefore, the biaxial platens can transform
the uniaxial load into a biaxial load and create the biaxial stress condition (𝜎1 = 𝜎2 > 𝜎3 = 0).
The arms are slightly shorter than the size of the specimen to prevent contact between the two
platens during the test. Arora and Mishra (2015) designed the first version of the biaxial platen for
the 50.8 mm specimen. Garg (2018) improved the design of the biaxial platen and later validated
its functionality. Based on Garg’s work, this research designed and manufactured the
corresponding biaxial platens for the 25.4 mm and 76.2 mm specimens.
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Figure 5.4 Biaxial compression test setup for 25.4, 50.8, and 76.2 mm specimens

5.2.3 Triaxial compression test setup
Figure 5.5 shows the setup of the triaxial compression test using the two biaxial platens and
a confining device. The confining device is suspended below the mounting plate using ball joint
rods. The confining device has two square platens that apply load to the other faces of the cubic
specimen. The size of the square platen is adjustable for fitting different-sized specimens. The
confining device can apply constant compressive stress and the stress level is controlled by a
manual controlled hydraulic jack. The load capacity of the hydraulic jack determines that the
maximum confining stress is 4 MPa for the 76.2 mm specimen. Combining the confining device
and the biaxial platen, this setup can create the triaxial stress condition (𝜎1 = 𝜎2 > 𝜎3 > 0).

89

Figure 5.5 Triaxial compression test setup for 25.4, 50.8, and 76.2 mm specimens

5.3

Specimen preparation
This research needed a sufficient number of specimens for studying the anisotropy and size

effect of shale strength. Shale blocks were collected from the Workman Creek coal mine in Raleigh,
West Virginia, as shown in Figure 5.6 (a). The shale blocks were then cut into cubic specimens
using machine-operated rock saws. The cubic specimens were grounded using a grinding machine
and then sandpaper. These specimens have different 𝐷 of 25.4 mm, 50.8 mm, and 76.2 mm and
different 𝛽 of 0°, 45°, and 90°, as shown in Figure 5.6 (b).
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Figure 5.6 Shale blocks and prepared cubic shale specimens of the 𝐷 25.4, 50.8, and 76.2 mm and the 𝛽
0°, 45°, and 90°

Figure 5.7 shows all prepared cubic shale specimens. Each specimen has unique ID that
indicates its test type, size, and orientation. The letter “U”, “B”, and “T” stands for uniaxial, biaxial,
and triaxial compression test respectively. The first number “1”, “2”, and “3” stands for 25.4 mm,
50.8 mm, and 76.2 mm respectively. The last number indicates the orientation of the specimen. Its
specific meaning depends on the specimen size. This is because the number of larger specimens is
less than smaller specimens, due to the limited amount of shale blocks. Table 5.1 provides the
information of specimens in detail.

Figure 5.7 Schematic view of prepared cubic shale specimens
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Table 5.1 Summary of the specimen information
Specimen ID

Test type

U1-1 to U1-8
U1-9 to U1-16
U1-17 to U1-24
U2-1 to U2-4
Uniaxial compression test
U2-5 to U2-8
(𝜎1 > 𝜎2 = 𝜎3 = 0)
U2-9 to U2-12
U3-1 to U3-2
U3-3 to U3-4
U3-5 to U3-6
B1-1 to B1-8
B1-9 to B1-16
B1-17 to B1-24
B2-1 to B2-4
Biaxial compression test
B2-5 to B2-8
(𝜎1 = 𝜎2 > 𝜎3 = 0)
B2-9 to B2-12
B3-1 to B3-2
B3-3 to B3-4
B3-5 to B3-6
T1-1 to T1-8
T1-9 to T1-16
T1-17 to T1-24
T2-1 to T2-4
Triaxial compression test
T2-5 to T2-8
(𝜎1 = 𝜎2 > 𝜎3 = 4 MPa)
T2-9 to T2-12
T3-1 to T3-2
T3-3 to T3-4
T3-5 to T3-6
Total specimen number

5.4

𝐷 (mm) 𝛽 (°) Subtotal

25

50

75

25

50

75

25

50

75

0
45
90
0
45
90
0
45
90
0
45
90
0
45
90
0
45
90
0
45
90
0
45
90
0
45
90

8
8
8
4
4
4
2
2
2
8
8
8
4
4
4
2
2
2
8
8
8
4
4
4
2
2
2
126

Test schedule
The uniaxial and biaxial compression tests have the same test procedure, including an

initiation stage and a loading stage. The tests initiated with a small load of 100 lbs to ensure proper
contact between the platens and specimen. The tests proceeded by raising the original lower platen
at a constant rate. The tests stopped when the specimen enters its post-failure region. Special
attention was required to prevent the two biaxial platens contacting each other. The triaxial
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compression test includes a seating phase between the initiation stage and the loading stage. The
seating phase increased the confining stress 𝜎3 to 4 MPa by activating the hydraulic jack. During
the loading stage, the confining stress was maintained constant. All tests used the displacement
control mode with the loading rate being 0.00254 mm/s. This can prevent sudden failure and
protect the post-failure characteristics of specimens. During the test, the load and displacement
were recorded in the MPT software. Once the test was completed, the specimen failure was
analysed and photographed to capture the failure behavior.
Figure 5.8 shows the schematic view of the stress condition of shale specimens with different
orientations in the polyaxial compression test. This view assists in the analysis of failure mode of
shale specimens. In each of the tests, specimens are grouped into (a) 𝛽 = 0°, (b) 𝛽 = 45°, and (c)
𝛽 = 90°. In the biaxial and triaxial compression test, 𝜎2 and 𝜔 are involved. 𝜔 is defined as the
foliation direction angle between 𝜎2 and the strike direction of bedding planes. When 𝛽 =
45° and 90°, 𝜔 is 90°and 0°. When 𝛽 = 0°, 𝜔 does not exist, as the bedding plane is vertical to
𝜎1 and has no strike. Since 𝜎1 = 𝜎2 , 𝜎1 and 𝜎2 are interchangeable. Figure 5.8 (a) also presents
the stress condition (𝛽 = 90°, 𝜔 = 90°). This transformation is for comparing the influence of
𝜎2 and 𝜔.

Figure 5.8 Schematic view of the stress condition of shale specimens in the polyaxial compression test
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5.5

Polyaxial compression test result

5.5.1 Uniaxial compression test result
Figure 5.9 shows the failure mode of shale specimens in the uniaxial compression test. The
failure mode demonstrates significant anisotropic behavior. When 𝛽 = 0° , shale specimens
presented the oblique shear failure that was across the bedding planes. In the specimen U1-4, there
were two shear planes that were symmetric; in the specimens U2-1 and U3-1, there was one shear
plane. Although the number of shear planes was different, the general failure mode was oblique
shear. When 𝛽 = 45°, shale specimens presented the sliding failure along bedding planes. The
sliding failure occurred at several bedding planes. When 𝛽 = 90°, shale specimens presented the
tensile splitting failure that was along bedding planes. It was observed that during the test, the
tensile splitting failure first occurred at the free surface and the failure progressively moved
inwards. For each 𝛽, the failure mode was independent of size. It is important to note that these
results correspond well with the numerical modeling result of BPM-Shale. The failure mode of
shale specimen is the same as the macroscopic failure mode of BPM-Shale, as shown in Figure
4.21.

Figure 5.9 Failure mode of shale specimens in the uniaxial compression test
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Figure 5.10 shows the typical stress-displacement curve of shale specimens in the uniaxial
compression test. Since the cardboard was used between specimen and platens, the deformation of
cardboard would affect the calculation of strain. Therefore, the stress-displacement curve was used
instead of the stress-strain curve. According to Figure 5.10, the shape of the curves corresponds
well with the failure mode. When 𝛽 = 0°, the curves had a smooth transition at the peak and
dropped rapidly after the peak, demonstrating the brittle oblique shear failure. When 𝛽 = 45°, the
curves showed a smooth transition at the peak, but the stress fluctuated after the peak and exhibited
residual strength. The post-peak stage demonstrated that the the sliding failure was happening
along bedding planes. When 𝛽 = 90°, the curves presented multiple peaks and dropped rapidly
after the peak, which indicates the tensile splitting failure of individual layers. For each 𝛽, the
shape of curves was independent of size, and the magnitude of peak decreased with the increase
of specimen size in general.

Figure 5.10 Typical stress-displacement curve of shale specimens in the uniaxial compression test

Figure 5.11 shows the variation of the UCS of shale specimens. The data of each specimen is
provided in Table D of Appendix D Laboratory experiment data. The length of the vertical
error bar is the standard deviation, which also indicates the dispersion of data. The dispersion of
UCS decreased as the specimen size increased. When 𝛽 = 0°, the average UCS of 25.4 mm, 50.8
mm, and 76.2 mm specimens were 63.19 MPa, 45.80 MPa, and 42.99 MPa respectively; when
𝛽 = 45°, the average UCS were 36.02 MPa, 19.86 MPa, and 21.37 MPa; when 𝛽 = 90°, the
average UCS were 48.75 MPa, 32.95 MPa, and 34.62 MPa. The average UCS presented the
decreasing trend in general. When the specimen size increased from 25.4 mm to 50.8 mm, the
UCS decreased significantly in all orientation angles. However, when the specimen size increased
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from 50.8 mm to 76.2 mm, the average UCS decreased a little when 𝛽 = 0°, and the average UCS
increased a little when 𝛽 = 45° and 90°. The average UCS was significantly anisotropic. The
average UCS was at its maximum when 𝛽 = 0°, medium when 𝛽 = 90°, and minimum when 𝛽 =
45°.

Figure 5.11 Anisotropy and size effect of the uniaxial compressive strength of shale

5.5.2 Biaxial compression test result
Figure 5.12 shows the failure mode of shale specimens in the biaxial compression test. For
the specimen with 𝛽 = 0° and 45°, two figures from different directions demonstrate the failure
mode. The failure mode was anisotropic. When 𝛽 = 0 and 45°, a combination of spalling and
oblique shear failure occurred. It was observed that the spalling failure happened in the unconfined
face that is normal to the plane of 𝜎1 − 𝜎2 . The failure occurred violently, ejecting rock chunks.
The oblique shear occurred subsequently at the inner section of the specimen. The oblique shear
plane crossed the bedding planes, and the strike of shear plane was along the 𝜎2 axis. When 𝛽 =
90°, the failure mode was a mix of spalling failure and tensile splitting failure. The tensile splitting
failure happened after the spalling failure and caused obvious separation between bedding planes.
For each 𝛽, the failure mode was independent of size.
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Figure 5.12 Failure mode of shale specimens in the biaxial compression test

Figure 5.13 shows the typical stress-displacement curve of shale specimens in the biaxial
compression test. The shape of curves corresponds well with the failure mode. When 𝛽 =
0° and 45°, the curves had a smooth transition at the peak and dropped rapidly after the peak,
demonstrating the oblique shear failure. The shape of the curves was independent of size, and the
magnitude of peak decreased with the increase in specimen size. When 𝛽 = 90°, the curves
presented multiple peaks, which indicates the tensile splitting failure of individual layers. In the
post-peak stage, the curves showed some residual strength, which demonstrates that the remnant
layers provided strength before complete failure. The shape of the curves was independent of size,
and the magnitude of the peak varied little with the increase of specimen size.
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Figure 5.13 Typical stress-displacement curve of shale specimens in the biaxial compression test

Figure 5.14 shows the variation of the biaxial compressive strength (BCS) of shale specimens.
The data can be found in Table D of Appendix D Laboratory experiment data. When 𝛽 = 0°,
the average BCS of 25.4 mm, 50.8 mm, and 76.2 mm specimens were 99.50 MPa, 84.42 MPa, and
77.13 MPa respectively; when 𝛽 = 45°, the average BCS were 84.46 MPa, 69.06 MPa, and 70.26
MPa; when 𝛽 = 90°, the average BCS were 54.48 MPa, 45.24 MPa, and 46.67 MPa. The size
effect of BCS is close to that of UCS. The BCS decreased significantly as the specimen size
increased from 25.4 mm to 50.8 mm, and it varied little as the specimen size increased from 50.8
mm to 76.2 mm. But the anisotropy of BCS is different to that of UCS. The average BCS was at
its maximum when 𝛽 = 0°, medium when 𝛽 = 45°, and minimum when 𝛽 = 90°. It is important
to note that the dispersion of the BCS also decreased as the specimen size increased.

Figure 5.14 Anisotropy and size effect of the biaxial compressive strength of shale

98

5.5.3 Triaxial compression test result
Figure 5.15 and Figure 5.16 show the failure mode and the typical stress-displacement curve
of shale specimens in the triaxial compression test. When 𝛽 = 0 or 45°, the specimens presented
the oblique shear; therefore, the curves had a smooth transition at the peak and rapid drop beyond
the peak stress. When 𝛽 = 90°, it showed tensile splitting failure presented by the curves with
multiple peaks and residual strength. For each 𝛽, both failure mode and stress-displacement curves
were independent of specimen size. The failure mode is similar to that of the biaxial compression
test, except in that 𝜎3 prevents the spalling failure. The stress-displacement is also like that of the
biaxial compression test, except in that 𝜎3 increases the ductile behavior at the post-peak stage.
The increase of ductile behavior is prominent when 𝛽 = 90°.

Figure 5.15 Failure mode of shale specimens in the triaxial compression test
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Figure 5.16 Typical stress-displacement curve of shale specimens in the triaxial compression test

Figure 5.17 shows the variation of the TCS of shale specimens. The data can be found in
Table D of Appendix D Laboratory experiment data. When 𝛽 = 0°, the average TCS of 25.4
mm, 50.8 mm, and 76.2 mm specimens were 121.87 MPa, 107.67 MPa, and 93.16 MPa
respectively; when 𝛽 = 45°, the average TCS were 114.49 MPa, 106.21 MPa, and 77.31 MPa;
when 𝛽 = 90° , the average TCS were 83.13 MPa, 78.33 MPa, and 78.22 MPa. When 𝛽 =
0 or 45°, the TCS decreased rapidly with the increase of specimen size. When 𝛽 = 90°, the TCS
decreased little as specimen size increased. As for the anisotropy of TCS, the average TCS was at
its maximum when 𝛽 = 0°, medium when 𝛽 = 45°, and minimum when 𝛽 = 90°. In addition, the
dispersion of the TCS also decreased as the specimen size increased.

Figure 5.17 Anisotropy and size effect of the triaxial compressive strength of shale
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5.6

Discussion
The failure mode and strength behavior of shale specimens are different to those in the

conventional triaxial compression test. The reason for this is that the biaxial platen makes 𝜎1 =
𝜎2 > 𝜎3 , but the conventional triaxial compression test uses 𝜎1 > 𝜎2 = 𝜎3 . In addition, this test
uses cubic specimens, but the conventional triaxial test uses cylinder specimens. The influence of
𝜎2 and 𝜔 are revealed in this test result.

5.6.1 Size effect and anisotropy of shale strength
Figure 5.18 compares the size effect and anisotropy of the UCS, BCS, and TCS of shale
specimens. In general, the decreasing trend occurs in the UCS, BCS, and TCS at 𝛽 =
0, 45, and 90°. However, when 𝛽 = 90°, the decreasing trend of TCS is relatively subtle. This
might be due to its tensile splitting failure pattern. The anisotropic behavior of UCS is different to
that of BCS and TCS. The UCS is maximum when 𝛽 = 0°, medium when 𝛽 = 90°, and minimum
when 𝛽 = 45°. The variation of UCS relative to 𝛽 fits the “U-shaped” curve. However, The BCS
and TCS are maximum when 𝛽 = 0°, medium when 𝛽 = 45°, and minimum when 𝛽 = 90°. The
variation of BCS and TCS doesn’t fit the “U-shaped” curve. Therefore, the strength of shale does
not follow the “U-shaped” curve at the biaxial and triaxial stress conditions. This is due to the
influence 𝜎2 and 𝜔. The proposed failure criterion cannot fit the strength shale since it neglects
the influence of 𝜎2 and 𝜔.

Figure 5.18 Size effect and anisotropy of the UCS, BCS, and TCS of shale specimens
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5.6.2 Influence of 𝝈𝟐 and 𝝎 on the failure mode and strength
Figure 5.19 compares the failure mode of shale specimens in the uniaxial and biaxial
compression tests at 𝛽 = 45°. When only 𝜎1 was applied, the specimen exhibited sliding failure
along bedding planes. When 𝜎2 was applied and 𝜔 = 90°, the specimen exhibited spalling failure
at free faces, followed by oblique shear failure. The influence of 𝜎2 is significant as 𝜎2 can prohibit
the sliding failure along bedding planes.

= 45°

= 45°,

= 90°

Figure 5.19 Influence of 𝜎2 and 𝜔 on the failure mode of shale when 𝛽 = 45°

Figure 5.20 compares the failure mode of shale specimens in the uniaxial and biaxial
compression tests at 𝛽 = 90° . It should be noted that 𝜎1 = 𝜎2 , therefore 𝜎1 and 𝜎2 are
interchangeable. The stress condition 𝛽 = 0° is transformed as 𝛽 = 90°, 𝜔 = 90°. When only 𝜎1
was applied, the specimen exhibited tensile splitting failure along bedding planes. When 𝜎2 was
applied and 𝜔 = 0°, the specimen exhibited spalling failure at free faces, followed by tensile
splitting failure. When 𝜎2 was applied and 𝜔 = 90°, the failure mode was the combination of
spalling failure and oblique shear failure. Therefore, 𝜔 affects the influence of 𝜎2 on the failure
mode. When 𝜔 = 0°, 𝜎2 acted the same role as 𝜎1 , causing the tensile splitting failure. When 𝜔 =
90°, 𝜎2 restricted the tensile splitting failure caused by 𝜎1 .
1

1

2

2

= 90°

= 90°,

= 0°

= 90°,

= 90°

Figure 5.20 Influence of 𝜎2 and 𝜔 on the failure mode of shale when 𝛽 = 90°
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Figure 5.21 compares the strength increasement from UCS to BCS for shale specimens. When
𝛽 = 45°, the strength increasement is most significant. This is due to the change of failure mode
as 𝜎2 prohibited the sliding failure along bedding planes. Since bedding planes were the weakness,
preventing the sliding failure increased a large amount of strength from BCS to UCS. The strength
increasement is also significant when 𝛽 = 90° and 𝜔 = 90°. 𝜎2 restricted the tensile splitting
failure caused by 𝜎1 and changed the failure mode to the oblique shear failure. The strength
increasement is subtle when 𝛽 = 90° and 𝜔 = 0°. In this situation, 𝜎2 acted the same role as 𝜎1 ,
causing the tensile splitting failure.

Figure 5.21 Influence of 𝜎2 and 𝜔 on the strength increasement from UCS to BCS

5.7

Summary
This chapter designed a polyaxial compression test setup for studying the size effect and

anisotropy of shale strength, as well as investigating the influence of 𝜎2 and 𝜔. The test setup
consists of a uniaxial compression test machine, biaxial platens, and a confining device. Therefore,
this test setup is economical and easy to implement. It has the advantage of conducting the uniaxial,
biaxial, and triaxial tests of different-sized specimens on a uniaxial compression test machine.

This chapter prepared shale specimens of sizes 25.4, 50.8, and 76.2 mm and of orientations 0,
45, and 90°. It conducted the polyaxial compression test on these specimens. The strength of shale
is size-dependent and anisotropic. In general, the strength presented the decreasing trend
irrespective of specimen orientation and stress condition. The anisotropic behavior of strength
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varied when the stress conditions changed from uniaxial to biaxial and triaxial. In the uniaxial
stress condition, the strength was maximum, medium, and minimum when 𝛽 was 0, 90, and 45°
respectively. In the biaxial and triaxial stress condition, the strength was maximum, medium, and
minimum when 𝛽 was 0, 45, and 90° respectively. The variation of strength anisotropy was
explained by the specimen failure mode. When 𝛽 = 0°, the main failure mode was oblique shear
inside the matrix in all three stress conditions. When 𝛽 = 45°, the failure mode was the sliding
failure along bedding planes in the uniaxial stress condition, and the failure mode became oblique
shear inside the matrix in the biaxial and triaxial stress conditions. This transition is due to 𝜎2 ,
which prevented the sliding failure. When 𝛽 = 90°, the main failure mode was tensile splitting
along bedding planes in all three stress conditions. It is important to note that all specimen showed
the spalling failure at free face in the biaxial compression test.
This chapter found that 𝜎2 and 𝜔 have a noticeable effect on the strength and failure mode of
shale. However, the size-dependent and anisotropic Mohr-Coulomb failure criterion was proposed
in two-dimensional analysis, neglecting the influence of 𝜎2 and 𝜔. Therefore, the proposed failure
criterion cannot fit with the experimental data in this chapter, and it needs modification in threedimensional space.
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6 Concluding remarks
6.1

Conclusions
This dissertation used literature review, theoretical analysis, numerical approach, and

laboratory experiment to investigate the size effect and anisotropy of shale strength under
compressive stress conditions. The main contributions include the following items:
➢ This study created a database about the size effect of rock strength based on published
literature from 1962 to 2021. This database included the uniaxial compressive strength and
triaxial compressive strength of different isotropic and anisotropic rocks. The database is a
summary of previous size effect research, and it can be used for future research.
➢ This study developed a size-dependent and anisotropic Mohr-Coulomb failure criterion to
describe the strength behavior of shale considering size effect and anisotropy. The failure
criterion contained six parameters. The cohesion, the friction angle, and the scaling
exponent of cracks; the cohesion, the friction angle, and the scaling exponent of bedding
planes. Once the parameters are determined through data fitting, the criterion can predict
the strength of shale at different size, orientation, and confining stress. Moreover, the
proposed failure criterion is of general type and can be modified to different situations that
anisotropy or size effect is not existed.
➢ This study developed a bonded-particle model to replicate the size effect and anisotropy of
shale strength. The bonded-particle model of shale consisted of shale matrix, bedding planes,
and cracks. The mechanical properties of bedding planes controlled the anisotropy, while
the length distribution of cracks controlled the size effect. Once the model is calibrated
following the provided procedure, it can model the mechanical behavior of shale. Moreover,
the boned-particle model is general, and it can become anisotropic and/or size-dependent
through different combinations of shale matrix, bedding planes, and cracks.
➢ This study designed an economical laboratory experiment setup for studying the size effect
and anisotropy of shale strength, as well as investigating the influence of 𝜎2 and 𝜔. The
laboratory experiment setup consisted of a uniaxial compression test machine, biaxial
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platens, and a confining device. This setup can conduct the uniaxial, biaxial, and triaxial
compression tests on differently-sized specimens.
Based on the presented results and discussion, the following conclusions can be drawn:
➢ It is widely accepted that rock strength presents the decreasing trend with the increase in
rock size, and the strength of transversely isotropic rocks exhibits the “U-shaped” curve
against rock orientation. Major discontinuities, like bedding planes, are considered as
deterministically single features causing anisotropy. Minor discontinuities, like cracks, are
considered as randomly distributed features causing size effect.
➢ The proposed failure criterion demonstrates that bedding planes cause anisotropy and cracks
cause size effect. The cohesion of bedding planes and cracks decreases as rock size
increases while the friction angle is constant. The proposed failure criterion fits well with
the experimental data of isotropic and anisotropic rocks.
➢ The bonded-particle model verifies that bedding planes cause anisotropy and cracks cause
size effect. The strength of shale model exhibits the decreasing trend and the “U-shaped”.
The proposed failure criterion fits well with the strength of shale model.
➢ The laboratory results show that shale strength presents the decreasing trend regardless of
specimen orientation and stress condition. However, the anisotropic behavior of shale
strength does not follow the “U-shaped” curve in the biaxial and triaxial stress conditions.
𝜎2 and 𝜔 have a noticeable effect on the failure mode of shale and lead to the change of
strength anisotropy.
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6.2

Future Research
There are certain limitations in this current work, which can be further researched in future.

➢ The proposed failure criterion assumed that cracks have a damaging effect on the cohesion
of bedding planes, and the influence increases with the increase in rock size. This
assumption needs further validation. In addition, the failure criterion neglected the influence
of 𝜎2 and 𝜔; it needs improvement for true-triaxial stress conditions.
➢ This study developed the proposed bonded-particle model in two dimensions. Future
research should further investigate the influence of 𝜎2 and 𝜔 . However, the threedimensional model contains more particles and requires more calculation time.
➢ The laboratory experiment used the biaxial platen where 𝜎2 is always equal to 𝜎1 . True
triaxial tests should be conducted to investigate the influence of 𝜎2 . In addition, the
experiment only prepared specimens with sizes of 25.4, 50.8, and 76.2 mm, orientations 𝛽
of 0, 45, and 90°, and the foliation 𝜔 of 0 and 90°. Future research should include specimens
with a wide range of sizes and more orientation and foliation angles.
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Appendix A Experimental data of uniaxial compressive strength
This appendix summarizes all experimental datasets on the size effect of the uniaxial
compressive strength of different rocks in Chapter 2. This study retrieved most of this data from
the referenced publications directly; it calculated the rest based on the provided fit equation or
estimated it from the original picture. The data processing neglected the influence of shape and
slenderness ratio. The end of each table documents the specimen shape and slenderness ratio. The
term “size” refers to the diameter of a cylinder or the width of a rectangular prism. Each
experimental dataset includes an attached plot to show the variation of UCS relative to size 𝐷. It
also provides the fitting result using the Eq. (3.13) if the dataset showed the decreasing trend.
Table A.1 Retrieved UCS of Yamaguchi marble (Mogi, 1962)
𝐷 (mm)

20.00

30.00

40.00

60.00

100.00

UCS (MPa)

88.26

87.28

81.10

78.75

79.92

Note: The specimens have a cuboid shape with a slenderness ratio of 2.

Figure A. 1 UCS of Yamaguchi marble and the fitting result
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Table A.2 Estimated UCS of Iron ore (Jahns, 1966)
𝐷 (mm)

100.00

200.00

300.00

400.00

1000.00

UCS (MPa)

111.80

77.47

69.63

65.70

49.03

Note: The specimens have a cube shape (the slenderness ratio is 1).

Figure A. 2 UCS of Iron ore and the fitting result
Table A.3 Retrieved UCS of granite (Lundborg, 1967)
𝐷 (mm)

19.00

28.00

38.00

58.00

UCS (MPa)

214.78

207.90

176.52

171.62

Note: The specimens have a cylinder shape with a slenderness ratio of 1.

Figure A. 3 UCS of Granite and the fitting result
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Table A.4 Retrieved UCS of coal (Bieniawski, 1968b)
𝐷 (mm)

19.05

25.40

50.80

68.58

76.20

152.40 304.80

UCS (MPa)

29.37

32.82

33.65

31.54

28.06

12.76

𝐷 (mm)
UCS (MPa)

457.20 609.60 711.20 914.40 1219.20
6.27

5.52

5.34

4.89

4.48

7.98

1524
4.44

Note: The specimens have a cube shape.

Figure A. 4 UCS of Coal and the fitting result
Table A.5 Retrieved UCS of Kansas limestone (Hoskins and Horino, 1969)
𝐷 (mm)

25.40

50.80

76.20

101.60

152.40

203.20

UCS (MPa)

48.40

50.34

52.37

51.45

49.53

49.33

Note: The specimens have a cylinder shape with a slenderness ratio of 1.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 5 UCS of Kansas limestone
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Table A.6 Retrieved UCS of Carthage marble (Hoskins and Horino, 1969)
𝐷 (mm)

25.40

50.80

76.20

101.60

146.05

UCS (MPa)

106.52

108.39

104.50

105.67

101.35

Note: The specimens have a cylinder shape with a slenderness ratio of 1.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 6 UCS of Carthage marble
Table A.7 Retrieved UCS of Longmont sandstone (Hoskins and Horino, 1969)
𝐷 (mm)

25.40

50.80

76.20

101.60

UCS (MPa)

167.27

171.49

171.20

171.30

Note: The specimens have a cylinder shape with a slenderness ratio of 1.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 7 UCS of Longmont sandstone
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Table A.8 Retrieved UCS of Salida granite (Hoskins and Horino, 1969)
𝐷 (mm)

25.40

50.80

76.20

UCS (MPa)

337.07

326.55

302.45

Note: The specimens have a cylinder shape with a slenderness ratio of 1.

Figure A. 8 UCS of Salida granite and the fitting result
Table A.9 Retrieved UCS of Sanjome andesite (Nishimatsu et al., 1969)
𝐷 (mm)

24.00

35.00

50.00

56.00

70.00

UCS (MPa)

103.66

107.48

95.61

95.91

91.30

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 9 UCS of Sanjome andesite
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Table A.10 Retrieved UCS of Ogino tuff (Nishimatsu et al., 1969)
𝐷 (mm)

17.00

20.00

25.00

29.00

35.00

40.00

70.00

UCS (MPa)

63.25

64.43

67.76

66.19

69.92

67.47

55.31

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 10 UCS of Ogino tuff
Table A. 11 Retrieved UCS of Inada granite (Nishimatsu et al., 1969)
𝐷 (mm)

13.00

18.00

24.00

30.00

70.00

UCS (MPa)

172.60

180.44

168.67

188.29

140.24

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 11 UCS of Inada granite
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Table A. 12 Retrieved UCS of Shinkomatsu andesite (Nishimatsu et al., 1969)
𝐷 (mm)

13.00

18.00

24.00

30.00

70.00

UCS (MPa)

219.67

233.40

243.20

250.07

204.96

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 12 UCS of Shinkomatsu andesite
Table A. 13 Retrieved UCS of Aoishi sandi tuff (Nishimatsu et al., 1969)
𝐷 (mm)

13.00

18.00

24.00

30.00

70.00

UCS (MPa)

41.09

40.01

37.46

42.36

40.01

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 13 UCS of Aoishi sandi tuff
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Table A. 14 Retrieved UCS of Quartz Diorite (Pratt et al., 1972)
𝐷 (mm)

50.80 76.20 203.20 304.80 609.60 1219.20 1828.80

UCS (MPa) 30.45 26.64

13.65

9.65

7.45

9.17

6.83

Note: The specimens have a cuboid shape with slenderness ratios of 1~3.

Figure A. 14 UCS of Quartz Diorite and the fitting result
Table A. 15 Retrieved UCS of Graddiorite (Pratt et al., 1972)
𝐷 (mm)

50.80

76.20

UCS (MPa) 192.73 189.38

203.20 304.80 609.60 1219.20 1828.80
74.39

25.79

22.03

25.86

23.58

Note: The specimens have a cuboid shape with slenderness ratios of 1~3.

Figure A. 15 UCS of Graddiorite and the fitting result
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Table A. 16 Retrieved UCS of Laurencekirk sandstone (Dhir and Sangha, 1973)
𝐷 (mm)

25.00

50.00

75.00

100.00

UCS (MPa)

70.19

71.91

71.98

71.44

Note: The specimens have a cylinder shape with a slenderness ratio of 2.5.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 16 UCS of Laurencekirk sandstone
Table A. 17 Retrieved UCS of Sound Siderite (Herget and Unrug, 1976)
𝐷 (mm)

22.00

54.00

73.00

241.00

UCS (MPa)

258.00

179.00

141.00

101.00

Note: The specimens have a cylinder shape with slenderness ratios of 1.6 and 2.

Figure A. 17 UCS of Sound Siderite and the fitting result
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Table A. 18 Estimated UCS of Quartz Diorite (Abou-Sayed and Brechtel, 1976)
𝐷 (mm)

25.00

38.00

63.00

102.00

147.00

UCS (MPa)

35.54

30.44

30.01

25.66

28.18

Note: The specimens have a cylinder shape with a slenderness ratio of 2.5.

Figure A. 18 UCS of Quartz Diorite and the fitting result
Table A. 19 Retrieved UCS of Gypsum (Baecher and Einstein, 1981)
𝐷 (mm)

25.40

38.10

50.80

UCS (MPa)

13.10

10.55

9.80

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 19 UCS of Gypsum and the fitting result
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Table A. 20 Estimated UCS of Yellow limestone (Natau et al., 1983)
𝐷 (mm)

70.00

UCS (MPa) 100.00

100.00 160.00 200.00 300.00 400.00 580.00
38.00

20.00

15.00

8.00

6.00

4.00

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 20 UCS of Yellow limestone and the fitting result
Table A. 21 Retrieved UCS of Lac du Bonnet grey granite (Jackson and Lau, 1990)
𝐷 (mm)

33.00

45.00

63.00

100.00 141.00 194.00 294.00

UCS (MPa) 195.00 193.00 199.00 190.00 171.00 156.00 166.00
Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 21 UCS of Lac du Bonnet grey granite and the fitting result
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Table A. 22 Estimated UCS of Metadiabase (Panek and Fannon, 1992)
𝐷 (mm)

28.00

51.00

145.00

UCS (MPa)

239.00

185.00

128.00

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 22 UCS of Metadiabase and the fitting result
Table A. 23 Estimated UCS of Ophitic basalt (Panek and Fannon, 1992)
𝐷 (mm)

21.00

70.00

145.00

UCS (MPa)

191.00

171.00

161.00

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 23 UCS of Ophitic basalt and the fitting result
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Table A. 24 Retrieved UCS of Welded tuff in the parallel direction (Yuki et al., 1995)
𝐷 (mm)

UCS (MPa)
𝐷 (mm)

30.00

50.00

100.00

150.00

UCS (MPa)

8.70

8.05

9.25

9.70

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 24 UCS of Welded tuff in the parallel direction
Table A. 25 Retrieved UCS of Welded tuff in the perpendicular direction (Yuki et al., 1995)
𝐷 (mm)

30.00

50.00

100.00

150.00

UCS (MPa)

8.30

8.62

8.80

9.45

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 25 UCS of Welded tuff in the perpendicular direction
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Table A. 26 Retrieved UCS of Pilton sandstone (Hawkins, 1998)
𝐷 (mm)

12.50

25.00

38.00

54.00

74.00

100.00 125.00 150.00

UCS (MPa) 138.10 153.00 177.20 185.50 168.30 166.00 148.10 136.80
Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 26 UCS of Pilton sandstone
Table A. 27 Retrieved UCS of Clifton Down limestone (Hawkins, 1998)
𝐷 (mm)

12.50

25.00

38.00

54.00

74.00 100.00 125.00 150.00

UCS (MPa) 61.40 102.20 140.40 109.00 98.20

93.00

86.50

80.30

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 27 UCS of Clifton Down limestone
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Table A. 28 Retrieved UCS of Purbeck limestone (Hawkins, 1998)
𝐷 (mm)

12.50 25.00

38.00

54.00 74.00 100.00 125.00 150.00

UCS (MPa) 48.80 67.60 125.10 98.00 90.20

86.10

82.10

78.00

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 28 UCS of Purbeck limestone
Table A. 29 Retrieved UCS of Pennant sandstone (Hawkins, 1998)
𝐷 (mm)

12.50 25.00 38.00 54.00 74.00 100.00 125.00 150.00

UCS (MPa) 45.20 63.30 82.00 92.20 76.00

73.00

69.20

60.20

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 29 UCS of Pennant sandstone
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Table A. 30 Retrieved UCS of Bath stone (Hawkins, 1998)
𝐷 (mm)

12.50 25.00 38.00 54.00 74.00 100.00 125.00 150.00

UCS (MPa)

9.80

10.70 12.90 19.00 14.10

14.00

12.00

12.00

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 30 UCS of Bath stone
Table A. 31 Retrieved UCS of Burrington oolite (Hawkins, 1998)
𝐷 (mm)

12.50

25.00

38.00

54.00

74.00

100.00 125.00 150.00

UCS (MPa) 78.40 108.10 140.10 150.60 130.00 120.00 106.40 104.20
Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 31 UCS of Burrington oolite
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Table A. 32 Retrieved UCS of Hollington sandstone (Hawkins, 1998)
𝐷 (mm)

12.50 25.00 38.00 54.00 74.00 100.00 125.00 150.00

UCS (MPa) 18.60 24.40 28.10 34.90 33.10

31.30

31.80

29.20

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 32 UCS of Hollington sandstone
Table A. 33 Estimated UCS of Clastic limestone (Thuro and Plinninger, 2001)
𝐷 (mm)

45.00

50.80

55.00

62.50

69.60

79.20

UCS (MPa)

193.73

195.03

195.88

197.25

198.40

199.78

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 33 UCS of Clastic limestone
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Table A. 34 Estimated UCS of Two-mica granite (Thuro and Plinninger, 2001)
𝐷 (mm)

45.00

65.00

70.00

110.00

UCS (MPa)

130.70

129.03

128.69

126.64

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 34 UCS of Two-mica granite
Table A. 35 Retrieved UCS of West Pymble sandstone (Pells, 2004)
𝐷 (mm)

18.00

45.00

51.00

144.00

UCS (MPa)

25.30

25.50

27.60

31.10

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 35 UCS of West Pymble sandstone
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Table A. 36 Retrieved UCS of Gosford Quarry sandstone (Pells, 2004)
𝐷 (mm)

18.00

51.00

UCS (MPa)

21.20

20.30

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
The strength trend is nonobvious since the UCS variation is very small.

Figure A. 36 UCS of Gosford Quarry sandstone
Table A. 37 Estimated UCS of intact rock (Simon and Deng, 2009)
𝐷 (mm)

30.00

36.00

48.00

63.00

UCS (MPa)

166.83

153.36

134.27

118.42

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 37 UCS of intact rock and the fitting result
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Table A. 38 Retrieved UCS of Quartzite (Pierce et al., 2009)
𝐷 (mm)

63.00

140.00

240.00

UCS (MPa)

58.00

42.00

18.00

Note: The specimens have a cylinder shape. The slenderness ratio of
63 mm specimen is 2. For the larger sizes, the ratio is less than 1.

Figure A. 38 UCS of Quartzite and the fitting result
Table A. 39 Estimated UCS of Cement mortar (Darlington et al., 2011)
𝐷 (mm)

63.50

83.50

150.00

200.00

300.00

UCS (MPa)

69.96

68.44

65.31

63.82

61.78

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 39 UCS of Cement mortar and the fitting result
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Table A. 40 Retrieved UCS of Coal (Gonzatti et al., 2014)
𝐷 (mm)

55.00 100.00 151.00 201.00 251.00 313.00

UCS (MPa) 20.73

16.52

14.00

12.68

10.59

9.46

Note: The specimens have a cube shape.

Figure A. 40 UCS of Coal and the fitting result
Table A. 41 Retrieved UCS of Gosford sandstone (Masoumi et al., 2016)
𝐷 (mm)

19.00 25.00 31.00 50.00 65.00 96.00 118.00 145.00

UCS (MPa) 34.60

36.5

42.30 52.30 58.80 56.10

54.70

54.20

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 41 UCS of Gosford sandstone
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Table A. 42 Retrieved UCS of Blanco Mera granite (Quiñones et al., 2017)
𝐷 (mm)

14.00

30.10

54.70

100.00

UCS (MPa)

62.38

84.00

122.06

112.41

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 42 UCS of Blanco Mera granite
Table A. 43 Retrieved UCS of coal with 0°orientation angle (Song et al., 2018)
𝐷 (mm)

25.00

38.00

50.00

75.00

UCS (MPa)

17.52

15.85

14.36

13.44

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 43 UCS of coal with 0°orientation angle and the fitting result
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Table A. 44 Retrieved UCS of coal with 30°orientation angle (Song et al., 2018)
𝐷 (mm)

25.00

38.00

50.00

75.00

UCS (MPa)

14.51

13.09

11.94

11.30

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 44 UCS of coal with 30°orientation angle and the fitting result
Table A. 45 Retrieved UCS of coal with 45°orientation angle (Song et al., 2018)
𝐷 (mm)

25.00

38.00

50.00

75.00

UCS (MPa)

13.19

11.80

11.22

10.53

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 45 UCS of coal with 45°orientation angle and the fitting result
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Table A. 46 Retrieved UCS of coal with 60°orientation angle (Song et al., 2018)
𝐷 (mm)

25.00

38.00

50.00

75.00

UCS (MPa)

13.23

11.78

11.16

10.43

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 46 UCS of coal with 60°orientation angle and the fitting result
Table A. 47 Retrieved UCS of coal with 75°orientation angle (Song et al., 2018)
𝐷 (mm)

25.00

38.00

50.00

75.00

UCS (MPa)

15.12

13.48

12.41

11.62

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 47 UCS of coal with 75°orientation angle and the fitting result
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Table A. 48 Retrieved UCS of coal with 90°orientation angle (Song et al., 2018)
𝐷 (mm)

25.00

38.00

50.00

75.00

UCS (MPa)

16.01

14.30

12.79

11.88

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 48 UCS of coal with 90°orientation angle and the fitting result
Table A. 49 Retrieved UCS of slate with 0°orientation angle (Li, 2019)
𝐷 (mm)

19.00

25.00

38.00

50.00

63.00

75.00

UCS (MPa)

190.46

169.14

166.71

157.17

148.38

146.72

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 49 UCS of slate with 0°orientation angle and the fitting result
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Table A. 50 Retrieved UCS of slate with 30°orientation angle (Li, 2019)
𝐷 (mm)

19.00

25.00

38.00

50.00

63.00

75.00

UCS (MPa)

159.29

147.74

133.01

121.92

115.31

110.84

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 50 UCS of slate with 30°orientation angle and the fitting result
Table A. 51 Retrieved UCS of slate with 45°orientation angle (Li, 2019)
𝐷 (mm)

19.00

25.00

38.00

50.00

63.00

75.00

UCS (MPa)

117.12

107.01

99.60

82.51

76.32

82.21

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 51 UCS of slate with 45°orientation angle and the fitting result
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Table A. 52 Retrieved UCS of slate with 60°orientation angle (Li, 2019)
𝐷 (mm)

19.00

25.00

38.00

50.00

63.00

75.00

UCS (MPa)

108.83

96.07

86.62

78.77

69.72

73.72

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 52 UCS of slate with 60°orientation angle and the fitting result
Table A. 53 Retrieved UCS of shale with 75°orientation angle (Li, 2019)
𝐷 (mm)

19.00

25.00

38.00

50.00

63.00

75.00

UCS (MPa)

129.29

115.59

99.55

95.91

89.52

87.59

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 53 UCS of slate with 75°orientation angle and the fitting result
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Table A. 54 Retrieved UCS of slate with 90°orientation angle (Li, 2019)
𝐷 (mm)

19.00

25.00

38.00

50.00

63.00

75.00

UCS (MPa)

142.58

129.53

124.31

115.25

102.16

97.29

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 54 UCS of slate with 90°orientation angle and the fitting result
Table A. 55 Retrieved UCS of Gambier limestone (Zhai et al., 2020)
𝐷 (mm)
UCS (MPa)

26.00 41.00 52.00 69.00 96.00 119.00 145.00 204.00 285.00
2.58

3.02

3.10

3.49

3.72

3.99

3.74

3.14

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 55 UCS of Gambier limestone
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2.64

Table A. 56 Retrieved UCS of artificial rock (Zhai et al., 2020)
𝐷 (mm)

26.00

41.00

51.00

68.00

96.00

118.00

139.00

UCS (MPa)

3.09

3.58

3.94

3.26

3.08

2.68

2.52

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 56 UCS of Artificial rock
Table A. 57 Retrieved UCS of Marcellus shale (Das et al., 2021)
𝐷 (mm)

25.40

50.80

76.20

UCS (MPa)

87.08

53.64

88.99

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 57 UCS of Marcellus shale
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Table A. 58 Retrieved UCS of Red sandstone (Kong et al., 2021)
𝐷 (mm)

20.00

30.00

50.00

75.00

100.00

150.00

UCS (MPa)

79.00

75.50

63.70

62.70

60.80

57.50

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure A. 58 UCS of Red sandstone and the fitting result
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Appendix B Experimental data of triaxial compressive strength
This appendix summarizes all experimental datasets on the size effect of the triaxial
compressive strength of different rocks in Chapter 2. This study retrieved most of this data from
the referenced publications directly; it calculated the rest based on the provided fit equation or
estimated it from the original picture. The data processing neglected the influence of shape and
slenderness ratio. The end of each table documents the specimen shape and slenderness ratio. The
term “size” refers to the diameter of a cylinder or the width of a rectangular prism. Each
experimental dataset includes an attached plot to show the variation of TCS relative to size 𝐷.
Each dataset also provides the fitting result using the Eq. (3.13) if the dataset showed the
decreasing trend.
Table B. 1 Retrieved TCS of Charcoal Black granite (Singh and Huck, 1972)
𝜎3 (MPa)

𝐷 (mm)
50.80 or 101.60

812.80

13.79

282.69

217.87

27.58

389.55

202.71

41.37

413.69

227.53

Note: The specimens have a cylinder shape, but the slenderness ratio is unknown.
The specimen with sizes 50.80 and 101.60 mm was categorized as the smaller size.
Since this dataset contains only 2 sizes, the data fitting is not performed.

Figure B. 1 TCS of Charcoal Black granite
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Table B. 2 Retrieved TCS of Gypsum (Hunt, 1973)
𝐷 (mm)

𝜎3 (MPa)

25.4

38.1

50.8

0

27.23

29.19

26.85

3.45

38.86

38.25

40.31

6.89

44.01

45.96

45.69

10.34

48.68

49.46

50.92

Note: The specimens have a cylinder shape with a slenderness ratio of 2.

Figure B. 2 TCS of Gypsum
Table B. 3 Estimated TCS of coal (Medhurst and Brown, 1998)
𝜎3 (MPa)

𝐷 (mm)
61

101

146

300

0.2

34.79

26.29

18.03

13.34

0.4

36.77

28.10

19.97

14.76

0.8

40.51

31.48

23.47

17.41

1

42.28

33.07

25.07

18.66

2

50.35

40.25

32.11

24.41

3

57.52

46.57

38.12

29.56

4

64.06

52.30

43.50

34.31

5

70.12

57.61

48.44

38.78

10

96.10

80.30

69.35

58.47

Note: The specimens have a cylinder shape, but the slenderness ratio is unknown.
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Figure B. 3 TCS of Coal and the fitting result
Table B. 4 Retrieved TCS of Gosford sandstone (Masoumi, 2013)
𝜎3 (MPa)

𝐷 (mm)
25

50

96

0

36.5

52.3

56.1

1

-

69.6

66.6

2

-

73.6

73.2

5

-

93

91.2

10

106.7

119.9

115.6

20

148.8

152.6

156.1

30

184.5

202.4

199.1

40

209.6

-

-

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
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Figure B. 4 TCS of Gosford sandstone
Table B. 5 Retrieved TCS of slate with 0°orientation angle (Li, 2019)
𝜎3 (MPa)

𝐷 (mm)
25

50

75

0

169.14

157.17

146.72

1

176.32

171.74

167.1

5

220.8

207.01

168.97

10

240.16

231.6

203.64

20

285.91

255.96

255.59

Note: The specimens have a cylinder shape with a slenderness ratio of 2.
Table B. 6 Retrieved TCS of slate with 30°orientation angle (Li, 2019)
𝜎3 (MPa)

𝐷 (mm)
25

50

75

0

147.74

121.92

110.84

1

159.06

130.87

111.65

5

167.56

164.94

126.21

10

198.69

189.19

156.1

20

251.38

216.28

184.79
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Table B. 7 Retrieved TCS of slate with 45°orientation angle (Li, 2019)
𝜎3 (MPa)

𝐷 (mm)
25

50

75

0

107.01

82.51

82.21

1

121.07

97.13

80.94

5

150.73

113.76

100.23

10

169.37

128.21

100.83

20

211.13

155.26

125.51

Table B. 8 Retrieved TCS of slate with 60°orientation angle (Li, 2019)
𝜎3 (MPa)

𝐷 (mm)
25

50

75

0

96.07

78.77

73.72

1

110.15

91.82

68.93

5

135.89

109.68

88.16

10

170.67

120.29

101.53

20

215.67

164.86

136.53

Table B. 9 Retrieved TCS of slate with 75°orientation angle (Li, 2019)
𝜎3 (MPa)

𝐷 (mm)
25

50

75

0

115.59

95.91

87.59

1

125.67

93.88

95.32

5

170.6

131.12

106.25

10

203.58

137.74

130.06

20

232.91

175.15

161.89

Table B. 10 Retrieved TCS of slate with 90°orientation angle (Li, 2019)
𝜎3 (MPa)

𝐷 (mm)
25

50

75

0

129.53

115.25

97.29

1

142.06

132.31

122.25

5

176.75

172.88

160.37

10

226.33

199.92

174.85

20

273.19

253.09

249.85
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Figure B. 5 TCS of slate with 0°orientation angle and the fitting result

Figure B. 6 TCS of slate with 30°orientation angle and the fitting result
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Figure B. 7 TCS of slate with 45°orientation angle and the fitting result

Figure B. 8 TCS of slate with 60°orientation angle and the fitting result
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Figure B. 9 TCS of slate with 75°orientation angle and the fitting result

Figure B. 10 TCS of slate with 90°orientation angle and the fitting result
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Appendix C Numerical modeling data of compressive strength
This appendix summarizes the compressive strength of the BPM models in Chapter 4. These
models are BPM-Matrix, BPM-Bedding, BPM-Crack, and BPM-Shale. The BPM-Matrix, BPMBedding, and BPM-Crack are the intermediate models that this study used to calibrate the matrix,
bedding planes, and cracks. After calibration, the matrix, bedding planes, and cracks were
combined to form the model BPM-Shale. For studying the size effect, this study scaled these
models to the sizes of 25, 50, 75, 100, 125, 150, and 200 mm. For studying anisotropy, this study
created the BPM-Shale with the orientations of 0, 15, 30, 45, 60, 75, and 90°. Considering the
inherent randomness of particle and crack arrangement, this study generated each model with 10
replications by changing the random seed from 10001 to 10010. Last, this study tested these
models in the uniaxial compression test and the triaxial compression test at confining stresses of 3
MPa, 5 MPa, and 10 MPa. Each table lists the compressive strength of the BPM models at certain
confining stresses. The tables present the 10 values for each model size considering the change of
random seed. The tables include calculations of the mean and standard deviation of each model
size.
Table C. 1 UCS of BPM-Matrix
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

74.52 64.88 68.44 66.04 65.89 61.77 58.56

10002

73.02 74.02 64.58 68.11 61.84 62.57 69.92

10003

73.00 68.49 64.59 63.83 66.33 66.10 68.76

10004

72.73 66.56 70.54 64.65 67.63 66.91 63.42

10005

66.92 74.97 68.28 69.68 67.05 69.60 68.81

10006

60.01 62.53 66.40 60.30 70.51 67.81 66.57

10007

70.66 68.21 69.33 65.72 63.97 68.04 67.53

10008

76.18 62.62 67.00 67.25 68.18 66.63 68.32

10009

72.35 66.19 64.32 66.39 65.94 67.02 63.56

10010

65.98 64.09 70.64 66.78 60.96 60.59 56.74

Mean (MPa)

70.54 67.25 67.41 65.88 65.83 65.70 65.22

SD (MPa)

4.61

4.11

2.29
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2.43

2.75

2.84

4.32

Table C. 2 TCS of BPM-Matrix when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

86.69 84.00 83.65 83.12 82.68 79.64 80.36

10002

90.27 88.78 81.10 84.55 78.35 84.92 85.25

10003

86.70 85.47 84.48 74.17 84.00 82.18 83.96

10004

87.53 86.75 82.90 82.26 81.37 85.64 79.83

10005

83.32 86.93 81.82 86.48 85.09 83.62 83.10

10006

73.14 78.97 80.72 77.65 85.60 84.76 81.09

10007

76.70 83.90 85.93 83.04 80.92 83.90 82.21

10008

93.67 76.05 84.42 81.81 85.81 81.24 83.82

10009

84.84 75.25 78.82 83.10 81.50 80.72 81.43

10010

76.79 84.39 86.75 85.50 79.31 77.79 70.06

Mean (MPa)

83.96 83.05 83.06 82.17 82.46 82.44 81.11

SD (MPa)

6.20

4.44

2.34

3.50

2.48

2.44

4.03

Table C. 3 TCS of BPM-Matrix when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

93.98

92.33 93.39 90.09 88.87 88.43 88.96

10002

105.10 95.39 88.25 91.52 86.12 90.63 91.37

10003

96.99

93.34 90.82 80.05 90.83 89.62 89.41

10004

99.91

90.14 90.56 88.82 92.02 94.81 87.90

10005

93.10

94.47 89.71 94.48 90.97 91.35 90.91

10006

79.63

86.69 87.88 85.48 93.64 89.32 89.52

10007

86.18

88.54 93.99 90.67 89.13 91.87 91.05

10008

99.02

85.22 90.46 90.37 93.48 89.80 91.11

10009

86.18

84.19 88.66 92.32 90.73 88.48 90.63

10010

99.02

86.86 92.79 93.84 88.44 85.70 75.33

Mean (MPa)

93.91

89.72 90.65 89.76 90.42 90.00 88.62

SD (MPa)

7.40

3.80

2.04
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4.04

2.22

2.30

4.56

Table C. 4 TCS of BPM-Matrix when 𝜎3 = 10 MPa
𝐷 (mm)

Random seed

25

50

75

100

125

150

200

10001

111.98 112.98 111.21 107.96 107.38 107.69 106.36

10002

123.71 109.13 104.18 109.34 103.76 109.84 110.23

10003

114.85 117.75 109.53

10004

114.75 109.77 106.65 107.29 108.74 110.46 105.38

10005

117.65 108.67 106.55 110.81 107.48 110.67 107.43

10006

97.46

10007

103.87 102.45 110.12 107.35 110.08 107.65 108.81

10008

120.91 100.47 106.59 107.35 112.63 105.54 109.62

10009

114.69 106.63 103.36 112.94 106.67 106.84 111.01

10010

112.49 106.07 111.55 109.80 106.81 103.41

Mean (MPa)

97.76

107.33 106.71 108.33

101.09 103.34 104.09 109.69 108.41 109.14

96.85

113.23 107.50 107.31 107.47 108.06 107.72 107.32

SD (MPa)

7.31

5.13

2.98

3.95

2.27

2.15

3.85

Table C. 5 UCS of BPM-Bedding-0
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

58.88 61.47 62.18 60.62 54.98 59.00 55.69

10002

60.06 64.58 53.81 59.29 56.28 56.86 60.19

10003

59.33 56.87 57.15 52.63 54.57 59.80 61.84

10004

46.38 54.53 62.09 60.35 59.85 55.09 58.62

10005

63.42 59.59 60.32 63.20 58.34 58.06 58.52

10006

54.67 56.86 57.95 55.97 61.19 60.01 58.29

10007

48.51 61.40 56.26 60.50 54.65 59.83 60.75

10008

59.77 55.27 60.60 61.65 61.23 59.79 60.55

10009

55.95 57.50 59.74 57.84 55.81 61.26 58.66

10010

53.50 53.77 66.01 60.31 51.67 59.55 49.82

Mean (MPa)

56.05 58.18 59.61 59.23 56.86 58.92 58.29

SD (MPa)

5.11

3.31

3.30
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2.89

3.02

1.71

3.26

Table C. 6 UCS of BPM-Bedding-45
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

40.87 46.56 46.37 47.46 45.62 47.83 42.83

10002

45.26 50.16 49.21 47.40 47.45 47.29 43.38

10003

51.58 50.74 47.20 47.05 44.89 45.42 45.09

10004

43.39 49.89 48.96 43.15 43.87 41.27 46.78

10005

42.68 42.34 47.96 48.35 45.79 45.32 47.53

10006

49.12 47.79 43.55 51.53 46.16 47.19 46.11

10007

52.15 50.89 48.33 44.03 46.26 44.24 42.45

10008

50.11 41.00 48.38 49.31 47.20 48.25 46.09

10009

46.16 50.85 49.03 47.49 41.89 46.29 41.15

10010

52.77 45.29 47.41 48.41 44.43 43.32 40.72

Mean (MPa)

47.41 47.55 47.64 47.42 45.36 45.64 44.21

SD (MPa)

4.08

3.47

1.61

2.28

1.57

2.09

2.30

150

200

Table C. 7 UCS of BPM-Bedding-90
Random seed

𝐷 (mm)
25

50

75

100

125

10001

51.87 54.20 51.87 53.38 49.94 53.83 45.02

10002

56.95 59.46 54.41 57.14 49.27 49.22 57.93

10003

56.03 52.23 57.19 52.66 51.37 50.27 54.44

10004

46.64 51.00 61.70 58.36 50.54 53.36 52.33

10005

52.38 53.13 57.59 54.26 49.64 50.25 54.07

10006

54.82 55.62 53.05 52.52 56.79 50.91 51.43

10007

47.87 55.02 51.55 55.62 52.98 52.65 52.53

10008

55.85 48.79 54.62 55.37 54.17 54.67 55.09

10009

55.46 54.47 52.24 53.81 52.25 51.53 53.39

10010

56.04 49.80 55.38 58.38 48.55 50.97 45.63

Mean (MPa)

53.39 53.37 54.96 55.15 51.55 51.77 52.18

SD (MPa)

3.44

2.96

3.00
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2.09

2.42

1.69

3.83

Table C. 8 UCS of BPM-Crack
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

43.33 44.34 45.70 32.40 26.87 23.43 28.73

10002

48.41 34.21 28.99 31.96 29.20 34.53 19.97

10003

45.24 49.32 39.61 16.94 36.32 33.01 35.12

10004

33.66 38.20 40.30 35.75 32.71 32.43 25.09

10005

18.87 37.41 35.63 27.54 29.72 29.78 26.94

10006

35.69 35.25 31.24 32.89 29.72 25.67 27.83

10007

56.59 27.43 34.26 36.15 23.52 24.54 33.62

10008

55.67 40.96 32.88 29.22 31.09 33.36 27.92

10009

60.46 39.22 39.64 32.25 22.22 16.00 26.23

10010

48.28 36.52 37.50 36.67 31.80 31.97 27.47

Mean (MPa)

44.62 38.28 36.58 31.18 29.32 28.47 27.89

SD (MPa)

11.87

5.60

4.72

5.49

4.00

5.61

4.00

Table C. 9 TCS of BPM-Crack when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

60.82 60.63 59.16 45.65 39.10 37.51 41.61

10002

74.50 55.09 47.31 51.92 41.93 50.83 30.93

10003

65.93 64.00 52.56 28.98 49.92 49.26 48.47

10004

52.16 45.72 56.31 50.77 48.51 47.03 37.84

10005

27.18 51.24 47.80 43.19 45.99 48.57 42.77

10006

33.64 52.95 45.11 52.44 17.30 44.70 45.42

10007

69.94 42.56 56.72 51.27 32.05 37.68 48.68

10008

71.56 51.41 48.76 46.78 50.35 46.18 43.84

10009

75.84 52.97 56.46 46.74 37.47 24.83 38.48

10010

53.90 49.43 53.72 55.59 47.51 49.18 42.27

Mean (MPa)

58.55 52.60 52.39 47.33 41.01 43.58 42.03

SD (MPa)

16.06

6.02

4.60
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7.07

9.74

7.64

5.05

Table C. 10 TCS of BPM-Crack when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

63.84 67.78 63.48 52.95 44.62 42.82 46.34

10002

77.96 59.61 55.84 59.82 47.86 59.96 35.90

10003

65.56 73.41 58.61 30.97 56.61 55.77 52.47

10004

61.17 47.54 60.36 57.53 56.26 50.96 42.61

10005

31.12 56.57 55.56 47.94 52.57 55.89 49.04

10006

32.15 55.43 50.64 57.77 28.90 48.29 53.05

10007

78.56 50.06 61.38 58.17 36.04 41.85 55.00

10008

77.92 58.79 54.21 51.49 55.32 53.54 50.23

10009

86.65 61.99 56.83 52.31 44.10 34.09 43.30

10010

58.60 57.93 60.53 62.59 48.42 56.25 46.95

Mean (MPa)

63.35 58.91 57.74 53.16 47.07 49.94 47.49

SD (MPa)

18.01

7.25

3.66

8.49

8.62

7.70

5.47

Table C. 11 TCS of BPM-Crack when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

78.09

81.92 78.96 57.64 58.51 54.42 56.14

10002

89.14

76.86 68.61 66.65 57.42 67.99 46.84

10003

95.31

93.81 68.42 38.45 68.91 67.90 63.26

10004

70.44

59.96 71.75 69.51 67.74 61.85 52.54

10005

56.58

68.93 55.12 60.29 64.82 67.26 59.40

10006

37.32

67.12 60.67 68.92 38.87 60.63 63.07

10007

90.39

59.15 70.88 69.20 38.87 48.85 62.85

10008

96.09

67.89 65.56 60.33 68.98 63.89 60.39

10009

108.39 74.67 66.13 58.45 53.81 42.59 55.65

10010

69.49

70.36 73.60 73.79 59.50 68.37 55.75

Mean (MPa)

79.12

72.07 67.97 62.32 57.74 60.38 57.59

SD (MPa)

20.14

9.84

6.35

161

9.52

10.64

8.52

5.01

Table C. 12 UCS of BPM-Shale-0
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

27.20 34.62 37.66 27.78 23.59 20.35 25.27

10002

38.10 32.20 27.60 26.77 26.94 28.67 19.62

10003

37.56 40.57 33.80 17.30 29.23 26.61 29.22

10004

30.56 29.73 34.27 31.37 28.27 25.66 21.13

10005

16.52 28.61 28.96 24.58 25.81 26.16 22.61

10006

29.69 32.67 26.38 28.22 12.89 23.03 25.34

10007

44.64 25.21 27.53 29.48 17.33 21.73 27.10

10008

40.29 35.37 27.39 25.69 28.00 28.29 25.42

10009

44.71 29.90 34.27 24.22 20.18 18.56 23.55

10010

41.16 30.12 35.72 34.03 24.72 27.48 23.96

Mean (MPa)

35.04 31.90 31.36 26.94 23.69 24.66 24.32

SD (MPa)

8.48

4.03

3.96

4.32

5.06

3.34

2.66

Table C. 13 TCS of BPM-Shale-0 when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

31.72 57.88 52.79 43.13 35.12 35.82 36.24

10002

52.59 47.22 39.45 46.37 38.35 45.19 31.23

10003

60.21 56.87 43.87 25.70 42.84 40.81 41.74

10004

43.61 41.04 48.09 45.15 43.05 40.72 32.73

10005

25.86 46.53 42.31 38.60 42.37 42.21 35.98

10006

29.95 44.16 42.36 43.55 23.95 40.14 42.07

10007

55.38 39.16 51.42 45.73 30.03 33.27 45.03

10008

56.58 44.52 41.01 44.23 42.51 40.86 38.54

10009

66.20 47.52 48.92 41.16 33.79 26.02 35.73

10010

50.66 41.95 52.39 47.50 42.11 43.98 38.58

Mean (MPa)

47.27 46.69 46.26 42.11 37.41 38.90 37.79

SD (MPa)

13.16

5.93

4.77

162

6.00

6.24

5.44

4.08

Table C. 14 TCS of BPM-Shale-0 when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

25.22 61.33 58.58 46.06 41.13 42.01 42.74

10002

60.77 54.71 49.82 50.72 43.12 52.24 39.12

10003

52.42 63.55 54.84 30.84 49.44 47.29 46.66

10004

51.20 47.02 53.04 50.04 47.82 47.40 40.16

10005

24.23 50.55 48.16 46.39 49.94 47.89 43.03

10006

29.46 46.48 45.54 48.25 27.69 44.18 46.15

10007

62.55 42.09 54.23 52.79 33.34 39.23 49.26

10008

62.95 48.99 47.19 45.36 46.45 45.81 44.80

10009

72.08 52.78 50.41 47.95 39.09 29.01 41.73

10010

54.36 48.66 58.14 52.43 47.14 51.40 43.47

Mean (MPa)

49.52 51.62 51.99 47.08 42.51 44.65 43.71

SD (MPa)

16.29

6.35

4.26

5.94

6.97

6.41

2.93

Table C. 15 TCS of BPM-Shale-0 when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

28.04 75.98 76.07 58.41 49.93 46.83 50.12

10002

79.69 53.46 56.80 59.44 49.47 64.15 46.64

10003

64.20 78.19 62.37 37.05 60.32 53.54 57.22

10004

52.04 58.83 64.58 61.55 57.69 57.11 47.75

10005

38.51 66.79 48.85 57.79 59.15 63.18 51.06

10006

30.44 57.28 46.19 59.84 33.58 50.93 56.26

10007

76.09 35.43 59.45 62.63 35.69 48.24 57.78

10008

74.07 64.32 58.18 58.75 55.95 59.71 51.76

10009

87.89 65.78 56.18 53.46 48.08 34.56 50.48

10010

67.40 60.30 73.00 65.00 45.78 59.55 49.42

Mean (MPa)

59.84 61.64 60.17 57.39 49.56 53.78 51.85

SD (MPa)

20.29 11.46

8.93

163

7.38

8.83

8.55

3.73

Table C. 16 UCS of BPM-Shale-15
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

32.15 37.32 37.26 24.08 22.99 20.57 26.01

10002

37.95 28.53 26.07 26.74 25.61 25.61 15.35

10003

42.14 40.47 28.72 16.23 29.34 25.91 28.46

10004

33.12 30.46 39.27 30.91 27.01 27.61 20.36

10005

16.47 35.32 27.67 24.37 26.64 25.83 23.19

10006

29.31 30.43 23.98 28.48 10.61 23.42 26.06

10007

46.78 27.73 28.93 29.31 20.45 19.78 26.96

10008

40.76 31.32 24.34 23.63 27.34 26.56 24.78

10009

52.94 32.37 32.22 26.10 20.26 15.33 21.95

10010

38.57 30.13 32.13 30.27 26.93 26.64 23.39

Mean (MPa)

37.02 32.41 30.06 26.01 23.72 23.73 23.65

SD (MPa)

10.06

3.98

5.11

4.04

5.39

3.82

3.79

Table C. 17 TCS of BPM-Shale-15 when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

48.75 55.28 53.41 41.15 36.68 37.00 37.32

10002

53.27 45.03 36.02 44.57 36.98 46.35 32.80

10003

59.15 57.55 42.57 25.19 46.98 40.68 41.30

10004

48.93 40.92 50.07 43.37 41.97 41.09 32.14

10005

25.52 51.46 43.88 39.53 40.89 41.78 38.18

10006

26.04 43.15 37.43 43.41 19.86 37.81 41.50

10007

51.98 40.01 47.54 42.76 29.38 33.04 41.09

10008

56.14 43.26 38.05 39.57 44.31 42.40 39.64

10009

66.34 48.31 48.20 40.19 33.50 26.14 35.05

10010

51.66 44.16 45.06 48.03 39.77 43.76 36.72

Mean (MPa)

48.78 46.91 44.22 40.78 37.03 39.01 37.57

SD (MPa)

13.16

5.96

5.77

164

5.50

7.86

5.62

3.42

Table C. 18 TCS of BPM-Shale-15 when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

57.68 61.11 57.67 45.49 43.61 40.94 40.53

10002

61.05 52.02 40.45 49.68 42.67 51.73 34.80

10003

63.28 62.71 48.45 33.06 51.40 45.34 46.78

10004

49.92 43.65 53.93 48.85 49.87 45.53 36.11

10005

29.76 54.63 47.96 46.06 47.09 49.31 40.99

10006

37.76 49.92 40.49 48.52 23.88 43.53 46.61

10007

59.84 46.46 51.72 49.07 33.82 36.49 47.35

10008

65.20 47.92 42.18 43.77 48.30 47.32 41.74

10009

77.82 52.92 54.23 43.97 38.98 30.20 41.08

10010

56.81 50.93 54.50 50.21 40.45 48.66 40.27

Mean (MPa)

55.91 52.23 49.16 45.87 42.01 43.90 41.63

SD (MPa)

13.80

6.02

6.02

4.84

8.32

6.29

4.26

Table C. 19 TCS of BPM-Shale-15 when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

70.57 83.27 69.28 56.11 53.04 47.29 47.35

10002

77.08 62.48 56.39 63.62 49.56 60.95 42.68

10003

73.03 75.32 61.63 35.16 59.36 53.18 55.36

10004

63.77 52.84 63.41 60.62 58.65 52.83 45.09

10005

38.94 66.17 58.52 55.08 58.25 60.22 50.43

10006

20.19 52.93 46.55 62.83 36.91 52.39 57.25

10007

73.84 53.23 61.65 58.00 39.23 47.48 49.07

10008

78.67 63.34 56.01 56.31 59.75 58.42 52.62

10009

97.41 67.64 58.98 48.71 44.73 32.44 48.08

10010

74.33 62.57 64.38 59.84 47.96 55.06 47.32

Mean (MPa)

66.78 63.98 59.68 55.63 50.74 52.03 49.52

SD (MPa)

20.74

9.41

5.78

165

7.95

8.05

7.91

4.27

Table C. 20 UCS of BPM-Shale-30
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

38.61 38.74 36.92 27.26 23.05 20.34 23.55

10002

38.52 29.33 25.09 26.20 24.81 29.73 16.78

10003

37.55 41.29 31.87 15.60 30.49 27.46 28.88

10004

31.29 29.33 36.43 30.24 27.93 27.89 19.80

10005

17.01 29.67 31.93 24.86 26.24 24.61 23.27

10006

27.32 30.95 24.83 30.20

10007

42.72 22.84 28.57 28.46 17.93 20.16 28.85

10008

39.42 32.23 26.31 21.90 26.27 26.90 24.91

10009

42.17 31.92 32.07 26.19 19.05 15.32 21.28

10010

36.71 31.86 32.38 28.99 25.24 25.65 21.78

Mean (MPa)

35.13 31.82 30.64 25.99 23.01 23.81 23.28

SD (MPa)

7.88

5.12

4.29

4.33

9.12

6.13

20.04 23.72

4.55

3.70

Table C. 21 TCS of BPM-Shale-30 when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

47.37 49.99 52.46 39.40 35.96 31.14 34.49

10002

53.94 41.47 37.71 43.21 33.07 45.28 27.61

10003

60.73 58.94 45.85 21.18 39.62 36.21 39.13

10004

41.59 39.91 47.82 43.11 41.62 40.07 33.16

10005

31.06 40.87 42.08 38.51 38.01 40.30 34.49

10006

28.89 41.00 34.42 40.48 17.81 35.87 37.79

10007

54.94 38.21 46.65 44.97 28.74 30.23 42.27

10008

58.75 43.80 43.01 42.06 39.59 40.43 38.66

10009

40.35 46.88 43.08 40.90 32.35 20.34 33.08

10010

47.60 43.43 43.26 45.07 39.06 42.58 35.98

Mean (MPa)

46.52 44.45 43.63 39.89 34.58 36.24 35.67

SD (MPa)

11.01

6.15

5.08

166

6.69

6.94

7.00

4.08

Table C. 22 TCS of BPM-Shale-30 when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

54.31 58.32 57.84 44.24 38.27 35.99 37.29

10002

62.05 49.46 45.93 44.68 38.43 49.93 32.02

10003

76.05 64.94 51.06 27.48 45.66 42.44 42.85

10004

46.55 41.12 50.16 48.28 45.41 44.28 35.35

10005

32.95 44.73 48.16 43.43 42.38 46.58 37.73

10006

29.95 44.82 37.73 47.82 23.65 39.78 43.40

10007

60.35 41.36 50.49 49.10 33.01 34.69 44.55

10008

64.27 47.03 46.52 45.22 45.12 47.24 41.43

10009

38.51 51.23 41.28 45.06 38.30 26.13 36.45

10010

51.85 48.29 47.31 49.55 43.17 44.09 38.73

Mean (MPa)

51.68 49.13 47.65 44.49 39.34 41.12 38.98

SD (MPa)

14.77

7.50

5.51

6.10

6.73

7.07

4.00

Table C. 23 TCS of BPM-Shale-30 when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

59.78 73.46 68.09 54.30 44.37 41.36 42.23

10002

77.69 51.63 51.51 51.38 45.41 60.16 33.67

10003

81.35 76.08 58.66 38.62 53.67 45.08 50.22

10004

52.97 44.60 57.00 57.57 52.43 49.71 39.56

10005

42.75 57.96 57.91 52.84 51.97 52.68 45.72

10006

28.05 57.73 45.19 56.09 30.43 48.82 48.91

10007

69.28 48.93 53.76 56.84 42.82 47.19 49.59

10008

83.20 55.41 57.48 53.09 49.59 57.76 46.32

10009

34.68 63.29 44.30 46.08 42.16 30.43 42.52

10010

62.03 61.08 58.02 59.84 48.03 50.63 43.71

Mean (MPa)

59.18 59.02 55.19 52.66 46.09 48.38 44.24

SD (MPa)

19.41

9.99

6.89

167

5.70

6.82

8.37

5.09

Table C. 24 UCS of BPM-Shale-45
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

31.04 38.22 28.76 20.33 17.73 17.39 19.74

10002

36.96 25.67 22.68 22.63 18.60 26.01 12.95

10003

46.65 35.69 30.61 12.56 23.24 20.83 21.44

10004

28.75 23.74 30.68 25.75 22.78 19.40 17.77

10005

14.41 26.28 27.00 16.93 20.66 18.90 17.23

10006

19.95 28.39 24.60 27.35

10007

42.16 24.20 26.49 29.80 15.20 16.67 22.48

10008

37.55 29.57 24.35 21.92 22.66 22.61 19.81

10009

49.41 32.47 27.66 21.81 13.83 12.11 15.84

10010

31.11 23.87 29.27 24.12 20.26 23.65 17.99

Mean (MPa)

33.80 28.81 27.21 22.32 18.25 19.61 18.50

SD (MPa)

11.07

4.84

2.62

4.96

7.58

4.87

18.49 19.78

3.67

2.78

Table C. 25 TCS of BPM-Shale-45 when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

35.78 44.35 45.18 33.17 28.84 24.66 31.18

10002

39.15 42.56 31.63 36.65 31.65 36.88 22.15

10003

41.16 41.12 33.47 22.53 35.14 30.74 33.53

10004

43.04 35.74 43.03 35.78 31.20 28.53 27.85

10005

23.25 36.04 35.76 28.24 31.06 31.40 28.69

10006

27.90 35.63 33.65 36.01 13.45 29.69 30.71

10007

49.44 34.32 38.33 34.86 19.72 26.19 33.69

10008

45.47 36.84 37.71 32.87 33.82 33.91 30.17

10009

45.08 42.10 38.17 33.28 27.92 21.45 26.81

10010

44.73 40.80 36.40 36.56 35.42 33.63 30.79

Mean (MPa)

39.50 38.95 37.33 32.99 28.82 29.71 29.56

SD (MPa)

8.10

3.53

4.21

168

4.28

6.66

4.46

3.38

Table C. 26 TCS of BPM-Shale-45 when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

40.34 46.58 46.87 34.75 30.69 24.83 33.95

10002

43.53 46.04 35.41 38.94 32.94 38.12 23.90

10003

46.85 43.38 36.70 23.36 36.06 33.07 34.82

10004

45.39 37.13 44.78 37.67 31.75 31.56 31.24

10005

26.70 36.98 40.33 30.75 33.54 31.48 29.43

10006

28.25 37.16 31.80 36.73 15.62 30.12 31.99

10007

52.07 36.01 40.21 38.84 21.70 25.24 35.62

10008

46.84 38.10 38.25 35.75 35.50 36.32 33.53

10009

48.14 42.78 39.02 37.64 28.83 19.95 28.51

10010

49.83 40.86 43.67 38.46 35.85 35.19 31.81

Mean (MPa)

42.79 40.50 39.70 35.29 30.25 30.59 31.48

SD (MPa)

8.34

3.97

4.33

4.73

6.39

5.48

3.49

Table C. 27 TCS of BPM-Shale-45 when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

41.36 51.22 49.45 36.26 32.16 25.16 34.53

10002

52.37 50.49 37.86 42.91 36.84 43.30 26.31

10003

50.30 46.32 44.18 25.21 39.54 37.75 39.85

10004

49.13 40.19 45.03 41.52 35.56 36.69 32.41

10005

34.25 40.49 42.75 34.54 32.87 35.81 32.59

10006

32.09 41.11 33.53 40.25 19.94 34.05 33.67

10007

55.60 36.53 36.60 41.86 25.61 21.28 36.84

10008

49.37 44.30 43.60 39.32 38.90 38.31 35.01

10009

54.81 45.88 39.98 40.35 30.77 21.36 32.70

10010

53.14 48.22 44.09 40.45 39.00 34.87 33.77

Mean (MPa)

47.24 44.48 41.71 38.27 33.12 32.86 33.77

SD (MPa)

8.17

4.65

4.62

169

5.19

6.03

7.55

3.47

Table C. 28 UCS of BPM-Shale-60
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

31.03 29.23 29.93 23.30 18.30 13.73 18.78

10002

33.39 28.12 20.17 18.94 18.07 22.83 12.05

10003

29.94 32.72 24.46 10.78 22.78 21.60 23.24

10004

25.94 27.57 27.34 23.88 21.72 20.39 16.46

10005

14.05 28.67 24.85 18.69 17.91 18.01 18.35

10006

27.69 27.90 18.97 22.72

10007

32.92 19.80 24.27 23.91 14.85 13.94 19.48

10008

36.53 27.89 26.21 22.08 19.29 18.70 18.22

10009

35.95 36.17 24.86 18.46 14.58 11.49 15.05

10010

35.98 27.79 29.28 24.62 16.36 21.95 19.17

Mean (MPa)

30.34 28.59 25.03 20.74 16.99 17.73 17.89

SD (MPa)

6.45

4.14

3.16

3.98

6.06

4.65

14.65 18.05

3.74

2.91

Table C. 29 TCS of BPM-Shale-60 when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

42.94 37.67 35.40 27.58 23.74 19.09 27.66

10002

35.01 35.04 32.28 32.81 29.80 31.44 19.01

10003

33.89 37.58 34.68 18.67 29.77 31.61 29.12

10004

42.93 34.71 33.61 31.28 32.17 27.81 24.89

10005

23.71 38.14 34.91 29.71 28.49 28.07 26.26

10006

29.05 34.32 30.81 31.96 11.60 27.48 27.31

10007

40.79 31.02 32.59 33.70 21.42 24.54 27.87

10008

39.52 35.64 26.23 29.76 30.03 28.38 28.34

10009

48.49 37.06 34.39 32.57 28.40 18.07 25.04

10010

38.49 37.65 32.58 32.14 28.27 29.10 27.65

Mean (MPa)

37.48 35.88 32.75 30.02 26.37 26.56 26.32

SD (MPa)

7.27

2.12

2.69

170

4.32

6.04

4.58

2.87

Table C. 30 TCS of BPM-Shale-60 when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

43.06 39.52 37.61 29.05 26.10 20.11 29.28

10002

35.14 37.49 35.03 32.23 30.46 33.63 22.08

10003

34.28 40.86 36.81 19.82 31.64 34.65 32.56

10004

43.54 36.47 37.21 33.66 33.02 29.45 26.53

10005

26.35 40.10 36.96 30.50 30.75 29.12 27.90

10006

27.54 36.16 32.97 34.87 12.55 29.18 29.24

10007

44.06 34.65 33.54 35.98 20.46 25.01 31.90

10008

40.78 37.89 29.07 29.49 32.10 30.02 29.76

10009

50.68 40.32 36.41 33.09 29.30 18.05 28.38

10010

41.23 39.25 33.78 34.07 29.27 32.48 30.38

Mean (MPa)

38.67 38.27 34.94 31.28 27.57 28.17 28.80

SD (MPa)

7.65

2.04

2.63

4.52

6.38

5.31

2.91

Table C. 31 TCS of BPM-Shale-60 when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

49.16 45.69 44.41 31.47 28.34 22.26 32.02

10002

40.45 42.10 39.14 33.53 33.04 38.47 23.98

10003

36.33 45.32 40.12 19.21 35.07 39.52 35.19

10004

47.92 40.64 43.10 39.11 33.79 29.55 30.54

10005

35.00 46.59 39.62 31.17 34.03 31.42 29.44

10006

24.69 41.94 35.81 38.39 12.41 32.85 32.76

10007

49.10 39.31 34.26 40.93 22.32 22.39 35.05

10008

44.99 42.67 32.70 32.73 35.17 34.20 35.09

10009

54.40 48.70 40.45 34.57 30.76 16.98 31.00

10010

44.27 43.23 37.69 37.84 34.02 35.74 32.42

Mean (MPa)

42.63 43.62 38.73 33.90 29.89 30.34 31.75

SD (MPa)

8.70

2.89

3.68
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6.02

7.16

7.28

3.38

Table C. 32 UCS of BPM-Shale-75
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

33.28 28.93 30.27 24.24 21.67 16.39 21.24

10002

35.60 27.06 23.21 22.48 22.31 24.03 11.70

10003

27.18 32.50 29.17 11.24 25.60 24.92 23.00

10004

32.23 28.83 29.24 28.36 25.20 20.84 19.35

10005

16.86 32.28 29.19 24.46 22.98 22.64 21.87

10006

29.64 27.62 23.54 26.06

10007

35.51 21.96 25.86 25.96 15.93 16.78 26.48

10008

31.40 27.30 19.61 21.84 20.94 19.39 18.93

10009

42.89 28.70 28.53 22.05 15.83 11.47 18.62

10010

32.59 29.77 27.30 27.75 24.57 23.66 21.67

Mean (MPa)

31.72 28.49 26.59 23.44 20.32 19.98 20.20

SD (MPa)

6.69

2.93

3.46

4.61

8.21

5.26

19.65 19.18

3.99

3.79

Table C. 33 TCS of BPM-Shale-75 when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

45.99 42.92 44.10 31.72 28.79 25.66 31.23

10002

43.43 45.16 31.78 34.04 29.11 38.53 19.44

10003

40.78 44.13 35.57 18.84 32.85 33.07 33.26

10004

40.95 36.33 39.55 37.91 34.70 30.02 26.11

10005

24.41 43.53 35.25 30.71 29.00 32.72 28.81

10006

28.11 39.93 35.22 35.48

10007

47.54 36.32 40.79 34.10 21.29 24.00 32.15

10008

48.02 41.95 34.26 31.05 35.70 33.11 31.44

10009

50.44 48.51 43.76 36.61 31.57 18.38 26.02

10010

48.53 41.30 36.67 38.46 28.34 35.37 30.42

Mean (MPa)

41.82 42.01 37.70 32.89 28.04 30.01 28.94

SD (MPa)

8.52

3.78

4.14
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5.29

9.08

7.79

29.24 30.54

5.65

4.08

Table C. 34 TCS of BPM-Shale-75 when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

49.51 47.48 48.15 34.96 30.11 27.57 33.20

10002

49.61 46.93 36.59 37.99 31.83 40.87 22.87

10003

42.47 49.88 37.06 19.79 37.25 34.97 36.03

10004

45.23 37.16 42.33 42.22 36.49 33.30 27.91

10005

29.63 49.43 36.54 36.56 32.49 35.08 30.19

10006

32.34 41.53 38.58 37.11

10007

53.54 38.84 43.10 38.42 20.55 25.46 35.43

10008

52.20 45.43 37.79 35.66 39.84 37.06 33.52

10009

55.83 50.24 46.32 40.42 33.67 17.95 28.45

10010

55.36 43.25 39.70 41.71 30.36 38.65 32.46

Mean (MPa)

46.57 45.02 40.62 36.48 30.14 32.23 31.15

SD (MPa)

8.71

4.62

4.16

6.09

8.86

9.13

31.41 31.48

6.52

3.93

Table C. 35 TCS of BPM-Shale-75 when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

59.24 55.82 53.65 37.21 34.31 32.26 36.35

10002

56.74 49.02 44.34 42.82 36.30 45.01 30.13

10003

47.10 57.67 40.50 20.41 44.69 38.69 40.88

10004

53.34 45.99 48.75 47.77 38.93 38.57 34.54

10005

38.49 54.44 41.84 40.20 36.53 39.15 34.45

10006

33.90 50.41 39.24 43.22

10007

62.60 44.43 47.29 42.17 23.60 27.13 41.92

10008

58.82 52.88 43.77 38.41 42.92 44.49 34.84

10009

72.12 62.27 50.80 44.07 37.39 16.06 32.21

10010

63.61 49.72 45.39 47.18 32.19 43.81 37.99

Mean (MPa)

54.60 52.26 45.56 40.35 33.39 36.23 36.29

SD (MPa)

11.31

5.39

4.60
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7.40

7.02

10.93

37.15 39.54

8.60

3.74

Table C. 36 UCS of BPM-Shale-90
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

28.85 34.74 35.31 25.54 22.55 16.48 23.34

10002

32.49 32.87 24.96 25.52 22.97 26.79 13.30

10003

34.46 39.34 26.23 15.55 28.22 26.24 26.23

10004

33.94 28.05 33.41 26.25 26.31 22.04 19.43

10005

18.31 28.30 29.88 22.67 23.61 25.05 22.40

10006

27.30 28.81 23.09 27.91

10007

43.04 24.55 24.58 24.31 16.73 19.66 26.87

10008

31.31 27.05 27.43 24.84 27.33 25.77 19.55

10009

45.44 30.41 32.83 22.71 18.28 12.35 19.02

10010

42.41 30.66 32.53 30.63 25.21 23.96 21.90

Mean (MPa)

33.76 30.48 29.03 24.59 22.03 21.58 21.46

SD (MPa)

7.65

4.25

4.14

3.34

9.07

5.75

17.45 22.53

4.83

3.91

Table C. 37 TCS of BPM-Shale-90 when 𝜎3 = 3 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

45.18 57.12 49.04 38.89 32.44 30.99 33.29

10002

52.94 44.04 41.69 40.34 34.64 42.81 23.86

10003

56.43 53.54 46.54 24.54 39.73 39.71 39.06

10004

47.66 38.26 49.09 42.77 40.97 40.47 31.73

10005

23.71 42.71 41.72 35.09 34.66 39.40 31.36

10006

22.87 42.67 42.37 44.31 19.65 34.44 37.10

10007

61.20 39.31 45.29 47.39 25.98 28.97 39.78

10008

59.38 45.65 42.30 39.96 41.61 43.21 37.43

10009

70.78 48.50 43.25 34.55 27.19 23.84 32.67

10010

45.67 40.30 44.03 46.83 36.90 41.04 31.02

Mean (MPa)

48.58 45.21 44.53 39.47 33.38 36.49 33.73

SD (MPa)

15.42

5.93

2.85
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6.31

7.07

6.40

4.69

Table C. 38 TCS of BPM-Shale-90 when 𝜎3 = 5 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

52.26 63.25 55.44 43.80 36.89 31.64 38.63

10002

60.72 48.69 44.94 45.62 39.26 48.78 33.07

10003

62.95 64.40 49.17 31.59 42.73 44.16 44.70

10004

52.91 41.27 52.41 48.62 47.15 42.90 33.67

10005

28.08 48.16 49.32 40.35 39.23 47.02 35.53

10006

24.22 47.55 49.80 49.71 25.21 43.73 40.64

10007

64.10 42.29 49.24 55.99 28.13 31.75 43.28

10008

64.97 51.35 47.51 46.89 47.71 46.73 41.62

10009

77.48 54.56 45.16 39.47 31.36 28.99 36.01

10010

47.81 46.62 48.28 51.07 38.38 45.31 36.01

Mean (MPa)

53.55 50.82 49.13 45.31 37.61 41.10 38.31

SD (MPa)

16.54

7.73

3.11

6.60

7.51

7.20

3.99

Table C. 39 TCS of BPM-Shale-90 when 𝜎3 = 10 MPa
Random seed

𝐷 (mm)
25

50

75

100

125

150

200

10001

66.00 77.03 67.15 53.08 47.19 40.86 45.33

10002

69.75 55.82 51.86 57.09 48.04 56.25 38.53

10003

82.31 79.22 58.12 31.59 52.89 50.83 51.55

10004

60.37 53.28 60.00 56.11 54.89 46.38 41.95

10005

33.96 53.22 57.85 48.55 44.96 57.51 46.44

10006

22.54 56.30 55.23 58.45 31.43 49.27 49.88

10007

77.00 50.57 53.87 62.13 39.48 44.22 48.71

10008

75.40 62.06 58.82 54.61 55.34 44.22 49.36

10009

95.98 65.09 48.47 42.96 34.17 21.11 44.06

10010

62.60 59.74 56.21 55.24 42.07 53.37 42.39

Mean (MPa)

64.59 61.23 56.76 51.98 45.05 46.40 45.82

SD (MPa)

21.91

9.91

5.05

175

8.84

8.24

10.13

3.96

Appendix D Laboratory experiment data
This appendix documents the dimension and strength of shale specimens in Chapter 5.
Figure D shows the definition of the length, width, height, contact area, and the stress 𝜎1 of a
labeled specimen. This study prepared the specimens using the machine-operated rock saws.
During the preparation, it was very difficult make the specimen a perfect cube. The length, width,
and height of each specimen were very close, but not identical. Considering the different test setup,
the calculation of contact area and the stress 𝜎1 of the biaxial and triaxial test were different than
that of the uniaxial test. The biaxial platen has two arms contacting two faces of the specimen, and
it can transform the uniaxial load into two equal loads. The approximate contacting area is (𝐴1 +
𝐴2 )/2, and the load on the contacting area is 𝑃 × cos 45°. Table D lists the dimension and strength
for each specimen, and the mean and standard deviation of strength for each shale specimen of a
specific size, orientation, and stress condition.

Figure D Definition of the dimension and strength of cubic shale specimen
Table D Measured dimension and strength of cubic specimens
Height Width Length
(mm) (mm) (mm)

Area
(mm2)

𝜎1

Mean ± STD

(MPa)

(MPa)

U1-1

25.91

25.65

25.40

651.61

58.11

U1-2

25.32

24.89

24.98

621.72

52.88

U1-3

25.74

25.82

25.65

662.47

70.38

U1-4

26.08

25.48

25.82

658.10

79.05

U1-5

25.91

26.16

26.08

682.24

51.95

U1-6

26.42

25.82

25.99

671.22

69.37

U1-7

25.82

25.40

25.74

653.76

75.35

U1-8

25.40

26.16

25.91

677.81

48.39
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63.19 ± 10.99

Height Width Length
(mm) (mm) (mm)

Area
(mm2)

𝜎1
(MPa)

U1-9

25.15

25.40

25.57

649.46

23.69

U1-10

25.57

25.23

25.99

655.81

41.73

U1-11

25.23

25.40

25.57

649.46

43.63

U1-12

25.48

25.82

25.32

653.73

32.72

U1-13

25.06

25.23

25.40

640.86

42.39

U1-14

25.65

25.06

25.57

640.80

47.97

U1-15

24.98

25.40

25.15

638.71

21.54

U1-16

24.89

25.15

25.40

638.71

34.48

U1-17

25.15

25.74

25.40

653.76

55.98

U1-18

26.16

25.82

25.65

662.47

50.30

U1-19

24.89

25.40

25.23

640.86

42.19

U1-20

25.65

25.99

26.16

680.02

60.25

U1-21

25.40

25.99

25.91

673.42

49.14

U1-22

25.15

24.81

25.40

630.11

45.21

U1-23

25.15

24.64

24.81

611.20

44.45

U1-24

24.89

25.40

25.65

651.61

42.43

U2-1

51.31

51.73

51.82

2680.51

58.57

U2-2

51.82

50.80

50.80

2580.64

41.96

U2-3

51.99

51.99

51.99

2702.47

39.80

U2-4

50.55

50.46

50.46

2546.35

42.86

U2-5

49.95

50.21

50.80

2550.53

24.03

U2-6

51.73

51.56

51.31

2645.54

17.49

U2-7

52.15

51.56

51.73

2667.37

21.10

U2-8

50.55

49.70

49.87

2478.44

16.83

U2-9

52.24

52.32

51.90

2715.65

31.39

U2-10

51.73

51.22

51.31

2628.17

30.31

U2-11

51.56

51.99

51.65

2684.87

29.94

U2-12

50.80

51.65

50.55

2610.53

39.94

U3-1

77.47

77.05

77.47

5968.81

42.41

U3-2

77.30

76.88

77.55

5962.20

43.57

U3-3

75.52

76.62

76.20

5838.70

23.99

U3-4

76.20

75.52

76.79

5799.59

18.76

U3-5

77.55

76.62

77.47

5936.01

37.18

U3-6

77.64

76.71

76.20

5845.15

32.06
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Mean ± STD
(MPa)

36.02 ± 9.01

48.75 ± 6.14

45.80 ± 7.46

19.86 ± 2.90

32.95 ± 4.10

42.99 ± 0.58
21.37 ± 2.62
34.62 ± 2.56

Height Width Length
(mm) (mm) (mm)

Area
(mm2)

𝜎1
(MPa)

B1-1

25.06

25.65

25.40

647.27

85.41

B1-2

25.57

25.91

25.82

665.74

89.59

B1-3

25.40

25.65

25.91

658.13

101.40

B1-4

25.91

26.42

26.33

689.98

94.83

B1-5

25.82

26.08

26.25

678.92

111.42

B1-6

26.16

26.67

26.25

698.87

96.39

B1-7

25.23

24.47

25.32

618.40

116.45

B1-8

25.91

26.50

26.25

691.07

100.49

B1-9

25.40

25.48

25.65

650.55

84.84

B1-10

24.64

24.89

24.64

613.29

89.34

B1-11

25.65

25.74

25.91

663.57

78.62

B1-12

25.40

24.98

25.40

634.41

101.15

B1-13

26.16

25.40

25.82

660.21

69.15

B1-14

25.91

25.32

25.48

650.51

80.82

B1-15

25.15

25.91

25.32

653.68

81.48

B1-16

25.57

25.40

24.89

640.86

90.29

B1-17

26.08

25.65

25.65

663.56

72.19

B1-18

25.65

26.42

25.99

682.15

37.41

B1-19

26.16

25.57

25.40

659.20

68.87

B1-20

24.89

25.65

25.40

645.10

44.03

B1-21

26.67

26.33

26.33

697.80

43.80

B1-22

25.40

25.40

25.57

647.31

62.62

B1-23

26.33

25.82

25.99

675.59

49.79

B1-24

25.91

25.65

25.40

658.13

57.16

B2-1

51.39

51.90

51.90

2680.50

77.08

B2-2

51.31

51.99

51.65

2676.07

95.37

B2-3

51.39

51.99

51.73

2680.47

85.77

B2-4

50.80

51.65

50.80

2623.65

79.44

B2-5

50.29

50.04

49.87

2505.92

72.32

B2-6

51.65

50.97

51.39

2625.92

74.38

B2-7

52.07

51.73

52.07

2693.65

57.08

B2-8

51.99

51.22

52.07

2665.03

72.47

B2-9

51.65

50.80

50.80

2602.15

48.79

B2-10

50.46

51.31

51.14

2606.45

42.35

B2-11

50.97

50.12

50.46

2541.99

44.34

B2-12

51.90

51.90

52.15

2700.27

45.49

ID
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Mean ± STD
(MPa)

99.50 ± 9.76

84.46 ± 8.85

54.48 ± 11.89

84.42 ± 7.08

69.06 ± 6.97

45.24 ± 2.33

ID

Height Width Length
(mm) (mm) (mm)

Area
(mm2)

𝜎1
(MPa)

B3-1

76.20

76.20

76.54

5819.34

78.99

B3-2

75.61

76.28

75.44

5761.22

75.27

B3-3

75.10

75.52

76.20

5713.26

72.04

B3-4

76.20

76.45

75.86

5812.85

68.48

B3-5

76.54

77.55

76.71

5942.50

46.31

B3-6

76.79

76.45

75.78

5832.27

47.02

T1-1

25.40

25.40

25.57

647.31

103.47

T1-2

25.91

25.48

25.40

653.78

108.08

T1-3

25.23

25.06

25.06

630.19

153.21

T1-4

25.40

25.23

25.65

644.06

107.00

T1-5

25.06

25.40

24.89

634.41

117.80

T1-6

25.40

26.08

25.32

661.26

118.03

T1-7

25.99

26.59

26.16

693.27

131.25

T1-8

25.40

26.08

25.91

668.99

136.15

T1-9

24.81

24.89

24.89

618.56

129.33

T1-10

26.67

25.99

26.25

687.72

116.82

T1-11

25.48

25.91

25.99

666.84

100.87

T1-12

25.57

25.15

25.40

640.84

96.75

T1-13

24.89

25.40

25.40

638.71

138.08

T1-14

25.74

24.89

25.40

636.47

98.97

T1-15

24.98

25.15

25.32

632.32

109.88

T1-16

24.55

25.23

25.40

630.18

125.26

T1-17

25.15

25.40

24.72

633.33

88.88

T1-18

25.40

26.08

26.25

673.40

94.63

T1-19

26.33

26.16

26.08

685.56

91.47

T1-20

25.74

25.23

25.15

641.93

83.50

T1-21

25.40

26.25

25.74

671.11

67.27

T1-22

26.16

26.42

25.91

687.74

81.80

T1-23

25.99

25.40

25.74

656.99

77.06

T1-24

26.42

25.82

25.57

671.22

80.43

T2-1

51.82

51.05

51.31

2632.45 100.72

T2-2

51.99

51.22

51.65

2654.19 110.06

T2-3

51.56

50.80

51.56

2619.35 107.47

T2-4

51.82

51.73

51.14

2662.99 112.43
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Mean ± STD
(MPa)
77.13 ± 1.86
70.26 ± 1.78
46.67 ± 0.35

121.87 ± 16.03

114.49 ± 14.41

83.13 ± 8.16

107.67 ± 4.38

ID

Height Width Length
(mm) (mm) (mm)

Area
(mm2)

𝜎1
(MPa)

T2-5

51.90

50.80

51.56

2627.95 108.44

T2-6

49.78

50.21

50.29

2512.27 107.69

T2-7

50.29

49.95

50.29

2512.25 112.87

T2-8

49.95

50.80

50.88

2561.29

95.85

T2-9

51.56

50.55

50.80

2586.99

75.53

T2-10

51.48

52.07

51.82

2689.24

83.88

T2-11

51.65

51.82

51.39

2669.54

70.14

T2-12

51.90

51.73

52.15

2691.46

83.77

T3-1

77.55

76.20

77.22

5896.76

89.28

T3-2

76.20

76.71

77.05

5877.62

97.03

T3-3

77.22

76.71

76.03

5877.62

80.57

T3-4

77.30

77.47

76.20

5945.85

74.06

T3-5

76.79

77.72

77.39

5991.67

79.07

T3-6

76.79

77.39

76.20

5919.69

77.37

180

Mean ± STD
(MPa)

106.21 ± 6.30

78.33 ± 5.81

93.16 ± 3.88
77.31 ± 3.26
78.22 ± 0.85

